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Abstract: A new high-energy particle accelerator with static combined type of magnetic field and high-gradient resonant 
cavities is introduced for muon acceleration up to 300 MeV and proton acceleration up to 400 MeV. The accelerator 
concept is expected to realize Mpps-class rapid cycling high-energy particle acceleration in circular particle accelerators. 

Conceptual designs of the circular accelerator are discussed with an emphasis on short lifetime particles. The 
fundamental concept of particle acceleration and the related practical issues, which should be discussed when designing 
the accelerators, are described as well. 
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INTRODUCTION 

The possibility of the production and acceleration of 

muons by circular particle accelerators has been 

discussed in fundamental studies on high-energy 

muons and applications of GeV-class hadron particles 

to new energy production by using nuclear fusion 

reactors [1, 2]. Engineering techniques for generation 

of high-energy particles have been rapidly evolving, 

and are also used for NBI (Neutral Beam Injection) in  
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plasma science research and exploration into a new 

study of muon-catalyzed fusion. Low-level electronic 

devices such as high-repetition rate control systems 

and supercomputers [3, 4], which are used for 

operating the particle accelerators as well as for 

extensive data analysis, have been substantially 

improved during the last decade, promoting the 

discussion of various types of particle accelerators. On 

the other hand, the electric power to beam power 

conversion ratio in conventional particle accelerators is 

very low from the viewpoint of energy production. 

Linear accelerators (LINACs) have better electric 

power conversion characteristics and can be applied to 

the resonant cavities with high-gradient electric fields of 
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35 MV/m [5]. High beam intensity is achieved with long 

LINACs; for example, a beam of 400 MeV protons is 

accelerated by a 340-m long LINAC in J-PARC [6]. 

Such a length is not required for low intensity particle 

acceleration, but the overall spatial scale of LINAC is 

still significant. A spiral layout of LINACs is most 

compact, but it is desirable to reduce the number of 

radio frequency (RF) systems for reducing the 

construction cost. Cyclotrons are the most popular 

accelerators and are used for acceleration of various 

particles, but a large amount of magnetic material (ten 

thousand tons) is required for producing GeV-class 

particles. Synchrotrons are compact and are capable of 

producing highly energetic particles, but the output 

beam power is low and it is subtle unstable for pattern 

or AC magnetic field operation to supply high-energy 

beams. Moreover synchrotron cannot accelerate 

muons during the short lifetime, especially, because 

the acceleration voltage of the RF-systems is low for 

the synchronous condition to the time variation of 

bending magnets. Fixed-field alternating gradient 

(FFAG) accelerators [7-13] are attractive for this study 

because they are compact (requiring relatively small 

amount of magnetic material) and are capable of 

supplying stable beams owing to DC magnetic field 

operation, although the electric field of the accelerating 

RF devices is weak (up to 100 kV/m) because the 

aperture has to be large and the temporal variation of 

frequency has to be adjusted to the non-linear velocity 

of particles. We have studied an improvement of FFAG 

accelerator characteristic obtained by applying 

magnetic field configuration to main bending magnets, 

in order to satisfy the isochronous condition for 

applying high field gradient RF cavities and phase 

stability. 

The lifetime of muons is relatively short (2.2 s), 

requiring high-gradient electric fields for muon 

acceleration. For example, field gradients above 0.5 

MV/m for classical energy treatment or above 0.28 

MV/m for relativistic treatment are required for 

obtaining 300 MeV muons (Figure 1), as is planned for 

the g-2 experiment [14]. There are no acceleration 

devices on conventional circular accelerators that allow 

producing such high gradient fields in a wide aperture, 

because wide range frequency modulation is required. 

The RF system can produce field gradients of several 

hundred kilo-volts per meter, but many magnets for 

beam handling occupy space in circular accelerators, 

yielding the effective net field gradient in conventional 

circular accelerators below 100 kV/m. There is a 

possibility of generating the high field gradient in an RF 

system operated at fixed frequency with resonant 

amplification in a cyclotron by applying magnetic flux 

density, which increases with radial position such as: 
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here r, m0, , , q, c, v and B indicate the radial 

position, the invariant mass of the particle, the Lorentz 

factor of the particle, the radial frequency of the RF 

system, the particle charge, the velocity of light in 

vacuum, the velocity of particles and the magnetic flux 

density, respectively. However an incremental 

dependence of the magnetic flux density on the radial 

direction induces vertical defocusing and crucial beam 

loss [15]. The sector focus cyclotron solves the beam 

defocusing problem, but it remains difficult to apply 

high gradient field RF field due to the requirements of 

wide aperture covering. 

Circular accelerators known as microtron [16], 

which can be used with the high gradient field RF 

systems. Conventional microtrons are designed based 

on the notion of uniform magnetic field; thus the 

isochronous condition is not satisfied and acceleration 

times are limited to several values. On the other hand, 

the isochronous condition can be satisfied by using 

main magnets with varying magnetic fields. In 

microtron, space is available for installing quadruple 

magnets as auxiliary magnets for beam focusing. 

Moreover, it is possible to fabricate complicated pole 

surfaces for producing such magnetic field variation by 

using recent engineering development of machining 

accuracy. The possibility of particle acceleration by 

using a microtron with magnetic field variation is 

presented in this paper, summarizing the discussions 

at the previous meetings and conferences [17]. This 

novel concept bears to deliver high-energy particles at 

high repetition rate, especially for short lifetime 

particles, and will be proposed as one of the upgrade 

plan of the KUFFAG [18]. 
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Figure1: Muon energy (during its lifetime) versus averaged 
accelerating electric field. The thin and the solids indicate 
calculation results for non-relativistic and relativistic 
estimations, respectively. Electric field intensity of 0.28 MV/m 
is required for accelerating muons to the energy of 300 MeV. 

 

Figure 2: Coordinates system for accelerator design 
described in this paper. 

2. ISOCHRONOUS CONDITION 

In what follows, we discuss the variation vertical 

magnetic flux density B(x) in x-direction for satisfying 

the isochronous condition (Figure 2). For simplicity, we 

ignore the acceleration term in the kinetic equation. 

The equations describing the particle motion in the 

middle of x-y plane are:  
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Assuming the initial velocity v0 to be positive in x-
direction, vx = v0 > 0, the velocity sign in y-direction 
becomes negative according to Eq. 7. The horizontal 
motion in x-direction can be derived by integrating the 
product of Eq. 6 and vx:  
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This equation indicates that the motion (left hand 

side) can be described by magnetic field variation (right 

hand side), and it includes a specific degree of freedom 

of magnetic flux density owing to the integral 

expression. Closed form solution of this equation 

cannot be obtained by using analytic methods; thus, in 

this paper, the variation of the magnetic flux density, 

which satisfies the isochronous condition, is obtained 

by resorting to the sequential analysis (Figure 3). Here, 

the motion and the circulation time for the initial kinetic 

energy are obtained by solving the kinetic equation 

assuming uniform magnetic flux density here. To obtain 

the next kinetic energy in a specific region, the 

magnetic flux density is first obtained by employing the 

isochronous condition after calculating the kinetic 

motion in the immediately preceding region. The value 

of the initial magnetic flux density can be obtained by 

assuming smooth continuity of the magnetic flux 

density in Eq. 8 for the isochronous condition:  
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where T0, LDS, ß, 0, ß0, and B0, indicate the revolution 

time, the length of drift space, the ratio of the particle 

velocity to speed of light c, the Lorentz factor, the 

 

Figure 3: An outline of the sequential calculation process. 
For each energy level, kinetic motion is obtained by solving 

the kinetic equation, assuming that the magnetic flux density 
is uniform during all stages. The magnetic flux density during 
the last stage (the right cell in the figure) is calculated by 
applying the isochronous condition or the position condition. 
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velocity ratio, and the magnetic flux density for the 

initial energy, respectively. 

Figure 4 shows the representative variation of the 

magnetic flux density for accelerating 40 MeV muons 

up to the energy of 340 MeV by using resonant cavities 

with the acceleration of 15 MV/unit. The particle 

trajectories and the overview of the accelerator are 

shown in Figure 5, compared with the conventional and 

spiral LINAC layouts. The actual LINACs are several 

times longer than that shown in Figure 5, owing to the 

difficulty in frequency adjustment for low-energy 

particles. In Figure 5, the transit time in an RF cavity is 

calculated for each value of kinetic energy. The 

accelerator with magnetic field gradient and one 

resonant cavity for a ring and two cavities for pre-

acceleration are possible, but the accelerator size is 

still large and one hundred tons of magnetic material 

are required, although the number of RF systems is 

reduced. More compact accelerators are possible to 

realize by using a racetrack FFAG like a double-sided 

microtron with magnetic field gradient and two resonant 

cavities. Figure 6 shows the calculated magnetic field 

variation. The revolution time was calculated as 105 ns. 

Convenient size accelerators are possible (Figure 7). 

3. TRANSVERSE MOTION 

As shown in Figures 4 and 6 in the previous 

section, the horizontal focusing is strong in the direction 

of magnetic field gradient, but the field acts to defocus 

the beam in the vertical direction. The fringing magnetic 

field at the inlet and outlet of the main magnets serves 

as the focusing field, and auxiliary quadruple magnets 

can be installed. It is difficult to describe a transverse 

motion with conventional Twiss-parameters for lattice 

designs of circular accelerators because the racetrack 

FFAG is line symmetry although the conventional 

circular accelerators are point symmetry. It is, however, 

necessary to investigate the defocusing effect during 

one passage through the magnet. Denoting the vertical 

magnetic field gradient index by k, the vertical magnetic 

flux density Bz is given by: 

Bz(x) ~ B0(1+ kx)         (11) 

The horizontal magnetic flux density Bx can be 
estimated by using the Ampere-Maxwell equation, and 
is given by: 

Bx (x) ~ B0kz          (12) 

Denoting the direction of the ideal particles by s, the 

 

Figure 4: Variation of magnetic flux density, satisfying the 

isochronous condition (solid line) in the case of simple 
microtron as a recirculating LINAC. The thin line indicates the 
kinetic energy K. 

 

Figure 5: Representative muon trajectories for the 
recirculating LINAC, compared with simple LINAC (bottom 
panel) and spiral LINAC (right panel) sizes. Top panel shows 

the cross-section of main magnets. The scale unit of grids is 
[m]. 

 

Figure 6: Variation of magnetic flux density, satisfying the 
isochronous condition (solid line) in the case of the 
recirculating LINAC. 
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vertical motion is given by: 
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Here, the sign of – qvyB0 is positive owing to the 
horizontal motion; thus the vertical divergence index Kz 
[m

-1
] is estimated as following: 
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The value of the diverse index ranges from 0 to 1.2 

m
-1

 (Figure 8). It is possible to adopt a negative 

gradient magnetic field for initial energy to solve this 

problem because of the freedom in Eq. 8, as discussed 

in what follows. The field modulation in main magnets 

similar to those of the FFAG accelerator is one of the 

solutions for creating a vertical focusing as in Eq. 16 

(Figure 9). The sign of the parameter Kz
2
 changes 

according to x, and it yields strong focusing, as shown 

in Eq. 18. The parameters b/B0 = 0.1 and 1/n = 5 cm 

are sufficient for obtaining practical focusing devices. 

The optimal configuration for a practical accelerator 

can be obtained by using the same method as the 

conventional lattice design for the FFAG accelerators 

or the combined type of accelerator magnets for the 

rapid cycling synchrotron [19]. 

Bz(x) = B0(1+ kx) + bsinnx        (16) 

Bx (z) (kB0 + bncosnx)z        (17) 

Kz
2
=

q y

m0 0
2 (kB0 + bncosnx)

      (18) 

 

Figure 7: Representative muon trajectories for the racetrack FFAG, compared with spiral LINAC size. The scale unit of grids is 
[m]. 
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Figure 8: he maximal value of the vertical diverse constant 
versus kinetic energy for magnetic field configuration in 
Figure 4. 

 

Figure 9: Magnetic field modulation. The sawtooth pole 
surface, marked by the thin line, can yield field modulation, as 
the solid line indicates. 

4. LONGITUDINAL MOTION 

Because the accelerated particles circulate 

extensively throughout the accelerator, it is very 

important to discuss various beam instabilities 

associated with such circulation. In the case of the 

circular accelerators with large field-gradient cavities, 

the particles are accelerated to the final energy within a 

finite number of circulations (e. g. ten circulations); 

thus, the instability is expected not to grow so much. 

On the other hand, the impact of the initial particles 

phase on the final energy remains an important issue. 

The betatron oscillation as transverse motion in beam 

focusing systems also contributes a temporal delay 

which translates into unfavorable phase differences. 

Phase adjustment in a circular accelerator with a 100-

m circumference scale for low-mass particles 

acceleration has been successfully obtained for one 

revolution [20]. The frequency of RF systems is one of 

the important issues for acceleration of high-mass 

particles such as muons or protons, and in this case 

the transverse motion of the particles cannot be 

ignored by assuming the same phase, especially in the 

high-frequency regime. At lower frequencies, the 

cavities become large to form a resonant structure. 

Formation of flatness during the acceleration by electric 

field is one of the key issues for superimposing 

auxiliary higher harmonic RF to create some phase the 

flatness (Figure 10). The magnetic field in the main 

magnets modulated by the step pole surface is shown 

to have a similar effect to that of the synchrotron 

oscillation (Figure 11). 

 

Figure 10: RF field flatness formation by superimposing with 
the 3

rd
 harmonic RF with 12% of main RF field. 

 

Figure 11: Magnetic field modulation (solid line) by step pole 
surface (thin line) in the main magnets for simulated 
synchrotron oscillation.  

When strict temporal structure of muon beams is 

not required, as in some industrial applications [21-24], 

the muon beam can be delivered by using static 

electric septa [25] with thin wires of 0.1 mm radius. The 

turn separation in the case of the racetrack FFAG 

shown in Figure 7 is 0.4 MeV/0.1 mm. the free-space 

muon survival ratio is: 

n(T)

n0
e

T +T0
Tμ

         (19) 
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where T is the time that includes the relativistic effect, n 

is the number of muons at time T, n0 is the initial 

number of muons, T0 is the time from pion decay to the 

acceleration up to 40 MeV by pre-accelerators (taken 

here as 0.2 s), and T  is the muon lifetime (taken here 

as 2.2 s). Figure 12 shows the calculation results in 

longitudinal motion of the expected temporal structure 

of muons accelerated up to 300 MeV by 500 MHz RF 

cavities of 30 MV at peak, in the case of 40 MeV 

muons injected by a rectangular pulse lasting 1 s, 

assuming that transverse motion and space charge 

effect were ignored for simplicity. Approximately 31.2% 

of the muons are accelerated up to the energy of 300 

MeV, 47% are lost in the deceleration phase, and 21% 

are lost because their lifetime has exceeded, except for 

the beam loss due to dynamical motion throughout the 

low-energy beam transport line. The rest hit the 

electrostatic septa for beam injection and extraction. 

The energy-spread is mainly limited by the septum 

plates. 

 

Figure 12: Temporal structure of 300 MeV muons. The 
vertical axis indicates the number of 300 MeV muons 

normalized by the initial number of muons as 1000. The 
survival ratio is 31.2%. 

5. DISCUSSION FOR SUPPLEMENTARY DEVICES 
AND DEVELOPMENTS 

The main components of the bending magnets and 

acceleration devices were described in the previous 

section. Additional devices are required for accelerating 

particles: primary transverse focusing, pre-

accelerators, injection/extraction devices, and phase 

adjuster of chicane magnets. The typical accelerator 

complex including a proton storage and recycler ring 

[26] for pion production and cooling is shown in Figure 

13. The important issues that merit discussion and 

development are described in this section. 

The transverse beam size at the initial energy 

should be sufficiently small compared with the aperture 

of RF orifice. The size of the muon beam is very large, 

and the effective number of muons in each experiment 

is several percent of the muons produced by using 

conventional techniques, because pions are produced 

diversely at the pion production target. The production 

technique of low-energy muons is one of the methods 

to solve the problem [27]. The MegaGauss techniques 

[28, 29] have been introduced recently and non-

destructive solenoid magnets with strong fields of 70 T 

have been used in the solid-state research. The split 

type 30 T magnets in non-destructive solenoids can be 

also used as bending magnets for high-energy particle 

accelerators and the field variation around excitation 

coil is expected for beam focusing within short length at 

pulsed operated accelerators. The prototype of a 10 T 

split type magnet (Figures 14,and 15) is now under 

construction and its performance will be investigated by 

using the first bank power supply at Nihon University 

(Table 1) [30]. Another improvement issue is the 

improvement of beam directivity from the pion 

production target. A pilot study aiming to obtain pulsed 

magnetic flux density above 10 T for creating the 

directional pion beams has been promoted to solve 

three specific problems: 1) the heating of excitation 

coils due to the Joule loss, 2) the mechanical 

 

Figure 13: Overview of the entire accelerator complex for 

muons. In the case of the multi-purpose proton driver such as 
cyclotron or synchrotron, the proton storage ring or recycler 
ring is required to wait low-repetition rate pulse systems for 
high-field devices ready. The scale unit of grids is [m]. 
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breakdown induced by the pulsed operation, and 3) the 

eddy current problem [31]. Heavy metals and high-

density materials are used as the conventional pion 

targets because the cross-section for collision of 

primary beam particles (such as protons or deuterons) 

with target materials should be increased for production 

of high-intensity pions [32]. We prefer high-quality 

muon beams to high-intensity even at low-repetition 

rate; thus, the characteristics of various pion target 

materials are discussed below. 

Figure 16 shows the magnetic field calculation 

results obtained in three scenarios of electrical 

conductivity. In high conductivity scenario, the 

magnetic flux density is reduced by the eddy current, 

which is induced by the pulsed excitation. Materials 

with high electrical resistivity, such as SiC, are 

preferred when pulsed excitation is considered. 

Magnetic materials with high electrical resistivity 

appear to yield the best results; however, 

magnetostriction and related material properties induce 

mechanical breakdown. A short-pulsed method using 

non-linear characteristics of magnetic or dielectric 

materials has been developed to address these issues 

[33-39] and related research studies are being 

conducted on proton storage ring [40-48] and proton 

driver [49-52]. 

Pion/muon cooling by proton beams similar to 

electron cooling [53] is another attractive method for 

modulating the pion/muon beam size, although the 

capture or recombination problem of pion/muon by 

protons should be discussed carefully. The ion/plasma 

channel guide technique is also useful [54, 55]. The 

induction acceleration located upstream of pre-

accelerators [56] is expected for a wide kinetic energy 

profile just after pion decay. 

 

Figure 15: Variation of magnetic flux density for the split type 

magnet in Figure 13, assuming the excitation urrent of 10 kA. 
The magnetic flux density of 10 T at the center is expected at 
the excitation current of 5.8 kA. 

 

Figure 16: Pion production target estimation for in which 1-
ms pulsed high magnetic field is excited for particle guiding. 
The center cylinder with a 30-mm radius indicates the 
production target, and the outer large cylinder indicates the 
excitation coil assembly, shown in the left panel. The right 

panel shows the radial profiles of the magnetic flux density for 
three types of target materials electrical resistivity: 100 k m 
for ferrite with saturation field of 0.3 T, 1 G m for silicon 
carbide and 1 m for SUS304. The magnetic flux density is 
reduced near the horizontal position of zero owing to the 
eddy current. 

Injection into the racetrack FFAG is possible by 

using an electrostatic inflector. Extraction is also 

possible by using an electrostatic deflector because the 

turn separation is better than that of a cyclotron due to 

several 100-fold higher gradient field cavities, but an 

additional bending system is necessary due to the 

weak kick angle for high-energy beam. A high-

repetition kicker magnet system is applicable for fast 

beam ejection up to 1 kpps operation [57] by using 

semiconductor materials as a main switch [58-60]. It 

should be developed for higher repetition beam 

delivery. Semiconductor devices are undergoing rapid 

development at present, making a high-voltage and 

large-current switching easier to achieve; thus, higher 

Table 1: Representative parameters of the power 
supply for excitation of 10 T-manget 

Parameters Values 

Charging Voltage 40 kV 

Capacitance of Bank 3.75 F 

Pulse feeders 12 coaxial cables of Z0 = 25  

 

 

Figure 14: Overview of split type magnet (left) and the 
simulated excitation waveforms (right) by the first bank power 

supply at Nihon University. The current of 5.8 kA is expected 
to excite the magnet. The whole magnet will be immersed in 
liquid helium for cooling. 
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repetition rate kicker systems can be expected now 

[61]. On the other hand, a high-repetition rate operation 

of charging devices is a serious problem. Almost all 

current is dumped at dummy loads after excitation in 

almost all kicker systems used in high-energy particle 

accelerators. The recharging circuit is now under 

development for higher repetition rate kicker system 

(Figure 17). Figure 18 shows the result for a low 

voltage pulse of 500 V through the coaxial cable with 

the characteristic impedance of 50 . At present, 90% 

of the pulse is recharged, and 30% is recycled. The 

experiment was performed for 20 kV / 1.6 kA pulse, but 

only 15% of the pulse was recharged. A capacitor was 

built in the high-voltage diodes to protect against 

unfavorable pulses, so new high-voltage diodes have 

been developed now.  

The kicker magnet must be of non-ferric type to 

prevent the unfavorable coupling with a beam and 

heating problem of magnet materials during high-

repetition excitation. Figure 19 shows a coil 

configuration for to flattop formation in transverse 

direction for suppression of ejected beam emittance. 

The feasibility of acceleration in a practical 

accelerator operation is especially important for multi-

purpose beam delivery, and this issue is under 

investigation at present. Minor magnetic field deviations 

can be corrected by using auxiliary magnets including 

phase adjustment by chicane magnets. Acceleration of 

high-intensity beams or up to higher energy will be 

studied in the nearest future. 

 

Figure 17: Prototype circuit of pulse recharging system. 

 

Figure 18: Experimental results for pulse recharging: low-
voltage scenario (left) and high-voltage scenario (right). 
Horizontal axis is 2 s/div for the left panel, and 10 s/div for 
the right panel. 90% of the forward pulse of 500 V shown in 

the top waveform in the left panel is recharged as shown in 
the bottom waveform in the left panel. 

 

Figure 19: Overview of the kicker magnet excited by a four-
turn coil (left). Horizontal uniformity is obtained by using the 
coil-winding method (the solid line in the right panel). Curved 
lines (dotted lines) are obtained in almost all cases describing 
the variation of the magnetic flux density excited by the 
simple flat four-turn coil. 

6. APPLICATION TO HADRON ACCELERATION 

The racetrack FFAG can be used to accelerate 

hadron particles. Figure 20 shows an example of the 

field variation for the acceleration of 40 MeV protons up 

to the energy of 400 MeV. The representative 

trajectories of protons accelerated by using the 

racetrack FFAG are shown in Figure 21. The magnetic 

field gradient is given in the calculation where protons 

with the initial energy pass through. The revolution time 

is 258 ns. The improvement and optimization are now 

being studied. 

 

Figure 20: Variation of magnetic flux density, satisfying the 
isochronous condition for 40 MeV protons accelerated up to 
the energy of 400 MeV. 

7. SUMMARY 

We described a first conceptual design of the 

racetrack FFAG accelerator for short lifetime particles 

such as muons by using simulations in which field 

variation was applied to the microtron accelerator in 
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one dimension. The follow-up study on a three-

dimensional optimization of magnetic field is expected 

to improve the accelerator performance. The 

acceleration method is also useful for hadron particles, 

and is expected to be used in the various upgrades of 

particle accelerators. 

 

Figure 21: Example of proton trajectories of the racetrack 
FFAG for protons. 
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