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Abstract: This paper deals with the Electromagnetic (EM) field characterization of an S-band Linear Accelerator (LA) 
Cavity, which is extensively used in cancer treatment. The analysis of the proposed cavity is carried out using an Eigen-
mode full-wave EM solver. Mathematical formulation of cavity parameters using the Finite Element Method up to the 
system of equations is presented. The EM formulization uses a simple 2D square box as segmentation element and 
also node-based basis functions are used inside the cavity than the edge-based functions. The proposed numerical 
analysis of a single cavity of LA system is also applicable for a system with multiple numbers of cavities. The cavity 
has a resonance of 3.0474 GHz and a Q-factor of 17181.6 with finite conducting boundaries at the ends of the drift 
tube. The nose cone structure in the cavity is essential to have a stronger E-field at the center where the beam passes. 
Further, the particle acceleration is not constant along the axis of the cavity, which may have severe consequences 
for beam dynamics. Proper beam dynamics in LA plays a key role in reducing the mortality rate in cancer therapy 
applications. 

Keywords: Linear accelerators, mathematical modeling, Single Cavity, Numerical field calculations, High-frequency 

structure simulator, Finite Element Method. 

 

1. INTRODUCTION 

According to WHO (World Health Organization) reports, cancer is the second leading cause of death worldwide. The 

global cancer burden is estimated to rise by 18.1 million, with a death count of 10 million in 2020 and 9.6 million in 

2021. One in five men and one in six women develop cancer during their lifetime, and one in 8 and one in 11 die for 

the same reason [1-2]. The common cancers are breast, lung, prostate, colon, and rectum. Tobacco use is the reason 

for 33% of cancer deaths, and high body mass index, consumption of alcohol, low fruit and vegetable intake, and lack 

of sufficient physical activity are other main reasons for this deadly disease. Cancer-causing infections such as human 

papillomavirus (HPV) and hepatitis are responsible for approximately 30% of cancer cases in low- and lower-middle-

income countries. Though many cancers are curable and effective treatment is available if they are detected at early 

stages, it has become a longstanding life-threatening disease. As human life is of the utmost importance, it is a big 

challenge for the scientific community to find a possible global solution for this life-threatening disease. 

Cancer is a general term for a large group of diseases that can affect any part of the human body. One defining 

feature of cancer is the creation of abnormal cells called malignant tumors or neoplasm that grow beyond the normal 

boundaries and can spread to other parts of the body within no time. The further stage in this process is called 

metastasis which is the prime cause of cancer death [3]-[4].  

There are multiple ways to reduce the cancer risk factor. 30-50 % of present cancers can be prevented by avoiding 

cancer risk factors and implementing evidence-based prevention strategies in daily life. Cancer burden can also be 

reduced by early detection and proper treatment and care for the patient who develops cancer. A few preventable 

strategies for cancer are mentioned in literature [5]. 

The correct cancer diagnosis is essential for appropriate and effective treatment because every cancer type requires 

a specific treatment course of therapy. Treatment usually includes surgery, radiotherapy, and systemic therapy 
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(chemotherapy, hormonal treatments, and targeted biological therapies). Proper treatment regimen selection 

considers both the cancer and the individual being treated. Completing the treatment protocol in a defined period is 

important to achieve the predicted therapeutic result. The research groups and the medical world came up with a few 

possible treatments like Radiation therapy, Chemotherapy, Bone marrow transplantation, Immunotherapy, Hormone 

therapy, etc. One of the standard practices the current medical world using today to treat Cancer is Chemotherapy or 

Radiation Therapy, where high energy X-ray or electron beam are applied to the cancer cell [6]. 

In radiation therapy or radiotherapy, ionizing radiation is applied to kill or control the cancer cell/tumor. Radiation 

therapy is widely used if the malignant tumor is located in a fixed human body area. Here in radiation therapy the 

ionizing radiation is delivered to the cancer cell through a linear accelerator system. The ionizing radiation in radiation 

therapy kills the D.N.A. of malignant tumors, thereby; it reduces the growth of the tumors. Medical oncology explains 

chemotherapy as the application of multiple drugs on the malignant tissue of a cancer patient. Radiation therapy is 

the application of high-energy X-ray or particle beam to cancer cells. Once cancerous cell is identified based on its 

tissue characteristics, it will be divided into various small tissues. Once a group of small tissues is available, it would 

become easy for the medical experts to treat each small tissue by interacting with high energy X-ray or particle beam. 

The generation of the X-rays is done by using a particle accelerator[7]-[8]. 

Linear Accelerator (LINAC) is extensively used in cancer therapy, non-destructive testing, and rocket propellant 

applications. In LINAC, a charged particle acquires the energy while it moves in a linear patch through a series of 

cavities where the charged particle experiences velocity modulation. The e-beam, through velocity modulation, will 

collide with the target for the X-ray production or be used directly on the tumor. The collimators, positioned on the X-

ray or extracted particle beam, are necessary to deliver radiation to cancer (conformal radiation therapy) precisely. A 

prototype view of 6MeV LINAC system for radiation therapy is shown in Figure.1.In many radiotherapy LINACs; 

magnetrons are used to feed the cavities for producing the Radiofrequency fields to accelerate the particles. The 

electron beam is sent in a series of cavities to experience velocity modulation in its journey toward the target. LINAC 

bunches the charged particle at a particular radio frequency; as they travel through a series of cavities for the final 

energy. Parameters like fields inside the cavity, quality factor, beam timing, energy spread, and shunt impedance, 

beam current and geometric characteristics of the LINAC system are essential for the analysis. Various LINAC 

devices and their parametric analysis are available in the literature [9]-[17]. 

The analysis of the linear accelerators which is used in cancer therapy is very much essential. The Electromagnetic 

study of any device is done by using complex Electromagnetic computations. Accelerating electric fields and cavity 

parameters like resonance frequency and Quality factor in standing wave Medical LINACs has been calculated using 

High-Frequency Structural Simulator (HFSS), a full wave electromagnetic simulator. The existing research has used 

Finite Difference time domain (FDTD), Finite Difference (FDM), Method of Moments (MoM), and Finite Elements 

Method (F.E.M.) so far to calculate the field parameters of the many computational problems [22-25]. Here in this 

article system of equations was obtained by many 2D square basis functions of electromagnetic solver F.E.M. The 

LINAC cavity and its field characteristics are also discussed. The introduction of more advanced Machine Learning 

algorithms adds additional scope for the analysis of the LINAC. 

This article analyzes the single cavity parameters in S-band LINAC system for field distribution using a full-wave 

electromagnetic solver high-frequency structural simulator (HFSS). Benchmark analysis attempt is made for HFSS 

by using a two-dimensional square element as a meshing element and node-based basis functions than edge-based 

functions in FEM. The field distribution, resonance frequency, and quality factor of the LINAC cavity are obtained, and 

the benchmark analysis of HFSS is derived up to a system of equations by using 2 dimensional square mesh and 

node basis functions. The subsequent sections give a brief overview of the LINAC cavity. 

2. CAVITY DESIGN 

S-band microwave LINACs are extensively used in cancer therapy. These are standing wave types of structures 

where the adjacent accelerating cavities are excited in opposite phases. The cavities' dimensions are adjusted so 

that the electron simultaneously passes through the cavity and takes the electromagnetic field's reverse phase. Thus 

the synchronized electron will always find an accelerating field. A schematic cross-section view of the multiple cavity 

system and its side cavities is shown in Figure 2. The cavity dimensions were considered to have S-band LINAC, as 

shown in Figure 3, where L=50mm, Ø=300, rd=3mm, R=38.9mm, R1=23.5mm, Lt=9.1mm [27]. The Side cavities and 
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coupling iris are necessary to distribute better R.F. power in the accelerating cavities providing the suitable coupling 

between them for optimum E-field and phase. The sweep around the simulator's axis helps to obtain three-

dimensional views [28]-[29]. The cross-sectional view of the single cavity structure and three-dimensional views are 

shown in Figures 3 and 4. The following sections will discuss the boundary conditions and excitations of the cavity to 

obtain the cavity parameters. 

  

Figure1. Schematic of LINAC System.[Ref-16]  Figure 2. Schematic of Multiple cavity. 

    

Figure 3.Cross sectional view of single cavity.    Figure 4. Simulated 3D design of single cavity 

3. BOUNDARY CONDITIONS 

The two-dimensional structure shown in Figure 3 is swept around the axis in HFSS to achieve three-dimensional one. 

This is a single cavity with perfect electric conductor boundaries on all sides except the axial hole through which the 

electron moves from one cavity to the next. Since the adjacent accelerating cavities are excited in opposite phases, 

the symmetry justifies the assumption of a perfect magnetic conductor along the hole. Application of the Eigen-mode 

solver of the simulator needs no input or excitation for the cavity. The subsequent chapters explain the computational 

electromagnetic approach through F.E.M. to achieve the fields inside the cavity [31]-[35].  

A. System of Equations and F.E.M. approach  

The implementation of numerical techniques generally leads to a system of equations, which in matrix notation is 

mentioned in Equation (1). 

     [A][X] = [b] (1) 

Where [A] is an augmented matrix which is a square matrix, and [b] is the right-hand side matrix, usually called the 

excitation and the solution is the unknown column vector, [X]. In the Eigen-mode solution [b] is λ[X].  

Among all the solutions of Maxwell equation inside the cavity, we are interested in Transverse Magnetic modes 

because for accelerating beam a longitudinal E-field is required further, in TM mode all field quantities can be 



International Journal of Membrane Science and Technology, 2023, Vol. 10, No. 1, pp 658-666 

661 

expressed in terms of HØ. The cavities' cylindrical symmetry helps to achieve a prominent mode of interaction. Here 

in this analysis z-axis is the direction of the beam traveling. The expression for the field component is in Equation (2). 

 ∇. (𝑟∇𝐻∅) + (𝑟𝑘2 −
1

𝑟
) 𝐻∅ =  0  (2) 

Where ‘k’ is the wave number in free space at the resonant frequency, the above equation results from Maxwell’s curl 

equation (source free case), and the “del” operator is given in the Equation (3), where subscripts ‘u’ represents the 

unit vectors 

 ∇= (
𝜕

𝜕𝑟
) 𝑢𝑟 + (

𝜕

𝜕𝑧
) 𝑢𝑧    (3) 

The boundary conditions for the quarter wave cavity are HØ =0 on the axis due to singularity at r=0. HØ =0 at the end 

of the drift tube since the field points in opposite directions in neighboring linear axis cavities. Based on Image theory 

the normal derivative of the r*HØ is zero on the metal boundaries and on vertical symmetric plane while considering 

the quarter part of the cavity since the modes in which field lines are perpendicular to the virtual edges are taken into 

consideration, which is given in Equation (4) 

   
𝜕(𝑟𝐻∅)

𝜕𝑛
= 0 (4)  

Where ‘n’ is normal at the boundary.  

B. Basic Steps of Proposed Single Cavity Design using F.E.M. 

 The F.E.M. analysis of any problem involves four significant steps. 

a) Segmentation or meshing of the device geometry into a finite number of elements such that the dielectric is 

homogeneous in each element. 

b) Deriving the governing equations for typical elements. 

c) Assembly of all the elements of the device to generate the system of equations. 

d) The solution of the system of equations is obtained to determine the unknowns. 

The preference is given to the F.E.M. technique to analyze the LINAC system due to its optimized memory 

requirement and computational time. F.E.M. offers better computational efficiency with respect to FDM, M.O.M., and 

FDTD techniques [36-39]. 

The given device geometry in the present form is divided into several sub-problems that are easier to solve, i.e., the 

devices will be divided into a different number of finite elements. Here the finite elements are line segments or curved 

segments, two-dimensional (2D) triangles or squares, and three-dimensional (3D) tetrahedron bricks or hexagonal, 

as in Figure.5. The selection of the finite element shape depends on the effective area coverage of the device and 

mathematical simplicity. A simple rectangular shape or square is considered a finite element in the present cavity, as 

mentioned in Figure 5. The dimensions of the Finite elements will be in terms of the device wavelength in general, 

and it is on a tenth of the device wavelength (λ/10)[40]-[44]. The finite element segmented quarter-wave cavity is 

shown in Figures 6 and 7 respectively. 

  

Figure 5. 1D, 2D, and 3D finite elements  Figure 6. Single and Quarter Cavity 
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Figure.7 Segmented quarter cavity 

The first box's horizontal and vertical length and basis function is mentioned using the following Equation (5) to (7). 

 𝑟 = ƞ + (
𝑅

2𝑁
) + (

𝑅

𝑁
) (𝑙 − 1) (5) 

 z= ɛ + (
𝑍

2𝑁
) + (

𝑍

𝑁
) (𝑘 − 1) (6) 

  𝛼𝑖𝑖(1) =
1

4
(1 +

2𝑁𝜀

𝑅
)(1 +

2𝑁𝜂

𝑅
) (7) 

Where (𝑙,𝑘) is the number of squares in two different directions, 𝑅 is the vertical length, and 𝑍 is the horizontal length. 

The center, the intersection point of ɛ and ƞ, is considered a reference, N is the total number of nodes, and 𝑖indicates 

the node position. The basis functions at the remaining three corners are taken from the Equation (8) to (11). 

 𝛼(𝑖𝑖−𝜂) =
1

4
(1 +

2𝑁𝜀

𝑅
)(1 −

2𝑁𝜂

𝑅
) (8) 

 𝛼(𝑖𝑖−𝜀) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 −

2𝑁𝜂

𝑅
) (9) 

 𝛼(𝑖𝑖−𝜀−𝜂) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 −

2𝑁𝜂

𝑅
) (10) 

Now the basis function for the square box in the second quadrant is as follows. 

     𝛼𝑖𝑖(2) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 +

2𝑁𝜂

𝑅
) (11) 

The remaining three nodes for the second quadrant square are given in Equation (12) to (14). 

  𝛼(𝑖𝑖+𝜖) =
1

4
(1 +

2𝑁𝜀

𝑅
)(1 +

2𝑁𝜂

𝑅
) (12) 

 𝛼(𝑖𝑖−𝜂) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 −

2𝑁𝜂

𝑅
) (13) 

 𝛼(𝑖𝑖+𝜖−𝜂) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 −

2𝑁𝜂

𝑅
) (14) 

Similarly, the remaining two nodes' essential functions and the corner point are taken from the Equation (15) to (22). 

 𝛼𝑖𝑖(3) =
1

4
(1 −

2𝑁𝜀

𝑅
) (1 −

2𝑁𝜂

𝑅
) (15) 

 𝛼(𝑖𝑖+𝜂) =
1

4
(1 −

2𝑁𝜀

𝑅
) (1 +

2𝑁𝜂

𝑅
) (16) 

 𝛼(𝑖𝑖+𝜖) =
1

4
(1 +

2𝑁𝜀

𝑅
) (1 −

2𝑁𝜂

𝑅
) (17) 

 𝛼(𝑖𝑖+𝜖+𝜂) =
1

4
(1 +

2𝑁𝜀

𝑅
) (1 +

2𝑁𝜂

𝑅
) (18) 

 𝛼𝑖𝑖(4) =
1

4
(1 +

2𝑁𝜀

𝑅
) (1 −

2𝑁𝜂

𝑅
) (19) 
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 𝛼(𝑖𝑖+𝜂) =
1

4
(1 +

2𝑁𝜀

𝑅
) (1 +

2𝑁𝜂

𝑅
) (20) 

 𝛼(𝑖𝑖+𝜖) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 −

2𝑁𝜂

𝑅
) (21)  

 𝛼(𝑖𝑖−𝜖+𝜂) =
1

4
(1 −

2𝑁𝜀

𝑅
)(1 +

2𝑁𝜂

𝑅
) (22) 

 𝜑(𝑥, 𝑦) = ∑ 𝜑𝑒(𝑥, 𝑦)𝑁
𝑒=1  (23) 

 𝜑𝑒(𝑥, 𝑦) = ∑ 𝐶𝑖
𝑒𝜓𝑖

𝑒(𝑥, 𝑦)𝑁
𝑒=1  (24) 

Where, N is the number of node in the solution region, first equation representing the approximate field (potential) 

distribution,𝜓𝑖
𝑒(𝑥, 𝑦)is the two-dimensional basic functions, and 𝐶𝑖

𝑒is the unknown coefficient to be calculated? The 

expression for 𝐶𝑖
𝑒is obtained by enforcing the differential equation for element as follows in Equation (25). 

 
𝜕2𝜑𝑒

𝜕𝑥2 +
𝜕2𝜑𝑒

𝜕𝑦2 + 𝑘2𝜑𝑒 = 0 (25) 

C. Formulation of F.E.M.: 

Here a square element is considered the discrete element, and the original operator is projected into the linear space 

spanned by the basis functions. Here the projecting operator is LHØ=0, where in Equation (26) 

 L = ∇. (𝑟∇) + (𝑟𝑘2 −
1

𝑟
)    (26) 

The basis function is 𝑎𝑗,𝑚where (j, m) corresponds to the indices of the node along the Z-axis and along the r-axis, 

respectively. In F.E.M., there are two basis functions: edge-based and node-based basis functions here the proposed 

work is based on the node-based function. Now the function 𝐻Ø to be solved is expanded in terms of expansion co-

efficient as given in Equation (27). 

 ,

jm jm

j m

H b a =
 (27) 

The condition〈𝑎𝑗𝑚 , 𝐿𝐻Ø〉 = 0 gives the expansion for the co-efficient𝑏𝑖𝑙, where summation over(𝑖, 𝑙)is over all values, 

giving non-zero contributions to the above integrals. Updating the Equation (1) with all the above coefficients will 

result in Equation (28). 

 ∑ 𝑏𝑖,𝑙 ∫ 𝑎𝑖,𝑙𝑎𝑗,𝑚 (𝑟𝑘2 −
1

𝑟
) 𝑑𝑠𝑖,𝑙 = ∑ 𝑏𝑖,𝑙(∫ 𝑟 ∇𝑎𝑖,𝑙∇𝑎𝑗,𝑚)𝑑𝑠𝑖,𝑙  + ∑ 𝑏𝑖,𝑙𝑖,𝑙 ∫ 𝜎𝑎𝑖,𝑙𝑎𝑗,𝑚𝑑𝑠 (28) 

The values of E.M. parameters like resonance frequency and quality factor for various modes through the simulator 

are (3.0472 , 17181.6), (4.526, 18240) & (4.848,15.59) for Modes 1,2,3 respectively further; the Integral values 

required for the above expansion are tabulated in Tables 2, 3 and 4. To explain the field distribution inside the cavity, 

we need to have the Eigen-values of Equation (28) and 𝜎 helps us to achieve it.  

4. DISCUSSION OF RESULTS 

In this article, design of the single cavity is shown in Figure 4 in full-wave electromagnetic solver HFSS with proper 

boundary conditions is mentioned in the above sections. The field distribution inside the cavity is shown in Figure.8, 

where it is observed that the maximum field distribution is at the cavity nose cone. The cavity has a resonance 

frequency of 3.047GHz and 17181.6 quality factor. The field distribution is not uniform inside the cavity. Further, the 

resonance frequency and quality factor values vary for different modes, as reported in Table 1.The benchmark 

analysis is attempted for HFSS using 2D Square elements as mesh and node-based basis functions. The study of 

higher-order modes becomes simple using adaptive meshing at the nose cone structure rather than conventional. 

The system of equations through F.E.M. analysis is mentioned in Tables 2,3, and 4. The comparison of cavity 

parameters with the existing research is cited in Table .5.  
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Figure 8. Field distribution inside the cavity of different orientations and with an inset view of end-to-end field 

distribution of cavity 

Table 2. The values of ʃajmail r dA 

I l ʃajmail r dA 

j-1 m-1 a3(m-0.5)/36 

j-1 m a3m/3 

j-1 m+1 a3(m+0.5)/36 

J m-1 a3(m-0.5)/9 

J m 4a3m/9 

J m+1 a3(m+0.5)/9 

j+1 m-1 a3(m-0.5)/36 

j+1 m a3m/9 

j+1 m+1 a3(m+0.5)/36 

Table 3. The values of ʃ∇ajm∇ ail r dA 

I l ʃ∇ajm∇ ail r dA 

j-1 m-1 -a(m-0.5)/3 

j-1 m -am/3 

j-1 m+1 -a(m+0.5)/3 

J m-1 -a(m-0.5)/3 

J m 8am/3 

J m+1 -a(m+0.5)/3 

j+1 m-1 -a(m-0.5)/3 

j+1 m -am/3 

j+1 m+1 -a(m+0.5)/3 

Table 4. Values of ʃajmail /r dA 

I l ʃajmail /r dA 

j-1 m-1 a[{1-4(m-0.5)2}ln(m/(m-1))+4(m-0.5)]/24 

j-1 m a[{1-4(m-0.5)+4(m-0.5)2} ln(m/(m-1))+{1+4(m+0.5)+4(m+0.5)2}ln((m+1)/m)-8m]/24 

j-1 m+1 a[{1-4(m+0.5)2}ln((m+1)/m)+4(m+0.5)]/24 

J m-1 a[{1-4(m-0.5)2 }ln(m/(m-1))+4(m-0.5)]/6 

J m a[{1+4(m+0.5)-4(m-0.5)2} ln(m/(m-1))+{1+4(m+0.5)+4(m+0.5)2}ln((m+1)/m)-8m]/6 
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I l ʃajmail /r dA 

J m+1 a[{1-4(m+0.5)2 }ln((m+1)/m)+4(m+0.5)]/6 

j+1 m-1 a[{1-4(m-0.5)2}ln(m/(m-1))+4(m-0.5)]/24 

j+1 m a[{1+4(m+0.5)-4(m-0.5)2} ln(m/(m-1))+{1+4(m+0.5)+4(m+0.5)2}ln((m+1)/m)-8m]/24 

j+1 m+1 a[{1-4(m+0.5)2}ln((m-1)/m)+4(m+0.5)]/24 

Table 5. The parametric and performance comparison 

5. CONCLUSIONS 

The simulation result of the single cavity of LINAC using a high-frequency structural simulator indicates that the 

maximum field is observed at the nose cone structure of the cavity along the beam axis, as shown in Figure 8. The 

maximum electric field at the nose cone structure is due to increased capacitance at the cavity neck. Further, the field 

distribution is not uniform inside the cavity, and it has a resonance frequency of 3.0474 GHz, a quality factor of 

17181.6. As the field is not constant and more capacitive at the cavity's entrance along the beam axis, it may have 

some consequences on beam dynamics. The cavity gap and the design of the nose cone structure must be carefully 

designed for the electric field, energy gradient-based, and other parameters based on the type of particle used. This 

creates a scope to change the cavity shape to achieve uniform field distribution. The exact values of the field, beam 

timing, energy spread, and shunt impedance, beam current and geometric characteristics of the LINAC system are 

essential to achieve a suitable beam for medical applications to reduce the mortality rate in cancer. These can be the 

subject of future study. The second part of this article gives the mathematical representation of the Finite Element 

Method solution up to a system of equations by taking a 2D square element as a meshing element and node basis 

function. Further, it is proposed to have adaptive meshing in case of higher order modes for better beam–field 

interaction. 
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