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Abstract— Let k: C > D be a function, where (C,.) is a Group and (D,+) is an Abelian Group. In this article, the Third Order Cauchy difference of
k:E® k (c1,¢2,c3,c4)= k(cacacaca) — k(cicacs) — k(cacaca) —k (cicacaca) —k (cacaca) + k(cica) + k (cics) +k(caca)+k(cacs)+ k(caca)+k(caca) —k(ca) — k(c2) —k(c3) —k(ca)
V c1,c2,c3c4 € C  is studied. We give solutions of E®k=0 on Free Monoid.
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1 INTRODUCTION
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We know that from [1] Jenson’s equation
k(c+d)+k(c-d)=2k(c) (1.1)
with k(0)=0, is equal to Cauchy’s equation
k(c+d)=k(c) + k(d)
in the real line. Let (C,.) is a Group, (D,+) is an Abelian Group. Let e € C and O€ D are identity.
For a function k: C - D, its Cauchy Difference Equation E(™k, is define

EOh = h, (1.2)

EM k(cacz) = k(caca) — k(ca) — k(cz) (1.3)

EM) k(cy,Ca,..,.Cme2) = EMk (€1,2,C3,...Cms2)

— EM k(C1IC3,,“,Cm+2) —Em k(CZ,CS,A.A,Cm+2) (1-4)

EWk denoted as Ek. In [6], by using the reduction formulas and relations, in [4,5], the general solution of Cauchy Difference Equation given
on free groups.
We consider the following functional equation, in this article
k(C1C2C3C4) - k(C1C2C3) - k(C1C3C4) - k(C1CzC4) - k(CzC3C4)+ k(C1C2) +k (C1C3) + k(C1C4) + k(Cng) + k(C2C4) + k(C3C4)
-k(ca) - k(ca) - k(cs) - k(ca)=0 V cy,czc3,caeC (1.5)
From (1.4) that (1.5) is
E®k=0
The aim of this article is to find the solutions of (1.5) on Free Monoid.
The solution of (1.5) define
Ker E® (C,D)={k:C->D | k satisfies (1.5)} (1.6)
Remark 1
1.Ker E® (C,D) is an Abelian Group under the pointwise addition of functions;
2.Hom(C,D) < Ker E® (C,D)

2. Properties of Solutions
Lemmal Ifk € Ker E® (C,D) then

k(e) =0, (2.1)
Ek (c1,c2) =0, whenci=eorc, =e (2.2)
E%k (ci,coc3) =0Owhenci=eorc;=eorcs=e (2.3)
E%k is a Homomorphism w.r.t every variable (2.4)
k(c™) = mk(c) + () Ek(c,c) + () E%k (ccc) (2.5)

forall c,c1,coc3,€ Cand me Z.
Proof:

In (1.5) Putc; =e=> (2.1).

We can Prove (2.2)-(2.3) from (2.1)

Also,from the definition of E%k,

E%k (c1,€2c3,¢a) = k(cicacsca) - k(cicacs) - k(cics) - k(cacsca) +k(ci) + k(cacs) + k(ca)

and
E%k (cy,c2,€a) + E2k (ci,c3ca) = k(ciCaca) - k(caCa) -k(cica) -k(caca) +k(c1) +k(ca)+k(ca) + k(cicaca)-k(cics) -k(cica)-k(caca) +k(c1) +k(cs)+k(ca)
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= E%k(c1,€2,C3,Cq) — E2k(c1,C5,Ca) — E?k(C1,C5,c4) = E3k(C1 €2, €3,€4) = O
= E%k(cy,",c3) is a homomorphism.
Similar way we can prove E%k (-,c5,¢3) and E?k(cy, ¢z, - ) are homomorphism.
Hence (2.4) proved.
To prove (2.5). This is Obviously true for m = 0,1,2 from (2.1) and from the definition of Ek and E%k.
Assume (2.5) true for all m<3 m € N, then
k(c™) = k(c™? ¢ c)
= 2k(c™) + k(c?) — k(c™?) — 2k(c) + E*k(c™?, ¢, c)
=2[(m—1) k(c) + ( m — 1)C:Ek(c, c) + (m — 1)C3E?k(c, ¢, c)] + 2k(c) + Ek(c, c)
-[(m = 2)k(c) + (m — 2) C;Ek(c, c) + (m — 2) C3E%k(c, c, c)] — 2k(c) + (m — 2)E?k(c, c, c)
= mk(c) + mCzEk(c, c) + mCsE?k(c, c, c)
= (2.5) proved VYm 20.
For m>0,
Ek(c™, c™, c™) = k(c™) — k(e) — k(c®™) — k(e) + k (c™) + k(c™)
= 3k(c™) + k(c™) — k(c®™)
= k(c™) = k(c®™) — 3k(c™) + E%k(c™, ¢™, c™)
= [2mk(c) + (2m)C:Ek(c, ¢) + (2m) C3E%k(c, ¢, c)] — 3[mk(c)
+ mGC;Ek(c,c) + m C:E%k(c, ¢, c)] — (m3)E?%k(c, ¢, c)
=-mk(c) + (-m)C:Ek(c,c) + (-m) C3E%k(c, ¢, c)
Hence (2.5) proved for m<0.

Remark 2 The following are pairwise equivalent for k:C->D

(i) k € Ker E®) (C, D);

(ii) E?k (- ,cz,c3) is a Homomorphism;
(iii) E?k(cy, - ,c3) is a Homomorphism;
(iv) E%k(cy,c, -) is a Homomorphism

= E%k is a Homomorphism w.r.t every variable.
Since D is abelian, (2.4) implies that E?k can be factored through the abelianized C*

Remark 3: Let k: C— D be a function. For any fixed c, € C, consider the function h(c;) := Ek(cy, c,).Taking the Cauchy difference of h twice we

get E2h(cy, €3, ¢3) = h(cyc563) — h(cycy) — h(cics) — h(cyes) + h(cy) + h(cy) + h(cs). Since h = EK(. c,) we may write that as
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EzEk(- ,C4)(C1: c3, €3) = Ek(. €4)(c16303) —EK(. cg)(c163) = EK(. cq)(cic3) —EK(. c4)(cc3) + EK(. ca)(c1) + EK(. c)( ) + Ek(. c4)(c3)
= Ek((c1ca63) 5 €4) — Ek((c1C2) 5 €4) — EK((c1C3) s €) — Ek((cac3), c4) + Ek((c1), cq) + EK((c2) , €4) +EK((c3) , C4)
= E3(cy, 3, C3, C4)
Similarly = E(")Ek(. ,Cm+z)(C1: Capevr ooy Cnp)=ET™VK(Cy, Cgp v ooy Cpp1s Cnap)  Tor all higher orders n.

Lemma 2 For any function k:C—D and t € N, the fowllowing result is valid;

k(c1€z o €t) = Znst lej1<j2<....<jnst E(n_l)k((cjl;cjz, ----,Cjn)

(2.6)
Proposition 1 If k € KerE®)(C,D).Then
ke ey v ™) =Xacjecl mik () + miCLEK(cj, ¢;) + myC3E?k(cj, €5, )] +Xn<j <), My, My, Ek (0 €1,)
+Xa<jysjsjzee My, My, My B2k (cy,, €30 65) (2.7)
for m; €Zandall¢ € C,j=1,2,...tsuchthat¢; # ¢;yq,i=1,2,....,t-1

Proof

7 we have

Replacing ¢; in (2.6) by ij
m m m, - mj1 Mjz mj
k(ey™, €37 e € ) = st Disjy<jpemcinst TR 67 ™)
E(™ k=0 for n>4 gives
mm m i me ms me me m
k(e ey 2. Ct = lejstk(cjm )+ Zisj1<j25t Ek(cjlll; <, )+ 215j1<j2<j35t Ezk(cjljlfcjz 2 , € 13)
m m. m,
=k(c; ey 2, ) = lejst[mjk(cj) + ijzEk(cj,cj) + m]-C3E2k(cj,c]-,c]-)] + lehqzstm]-lmszk(ch ,cjz)

2
+ 2:151'1<]'2<1'35f mjlmjzmj3E k(le 1 G Ci3)
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Therefore (2.7) is proved

3 Solution in a free Monoid
Since every Free Monoid can be embedded in a free group.
First solve (1.5) for the Free Monoid C on a one letter c.
Theorem 1 Let C is the Free Monoid on single character c. Then keKerE®)(C,D)
Iff  k(c™)= mk(c)+mC,Ek(c,c)+mCsE?k(c,c,c) for all meW (3.1)
Proof
= From (2.5) inlemma 1,
k(c™)=mk(c)+mC,Ek(c,c)+mC; E?k(c,c,c)
< Take k(c™)= mk(c)+mC,Ek(c,c)+mC;E%k(c,c,c) for all meEW onC=<c>.
To Prove k € KerE®)(C,D).
i.e., we want to prove E?k is a homomorphism w.r.t every variable
Assume
u=c9,v=c’,w=c®
be any 3 elements of C.
E%k(u,v,w)=EZ%k(c,c", c®)
=k(cTtTHS)—k(cTtT)—k(cTtS) —k(c"S)+k(c)+k(cT)+k(c5)
=[(q+r+s)k(c)+(q+r+s)C,Ek(c,c)+(q+r+s) C3 E%k(c,c,c)]
—[(g+r)k(c)+(q+r) C,Ek(c,c)+(a+r) C3 E?k(c,c,c)]
—[(a+s)k(c)+(a+s)C,Ek(c,c)+(a+s)Cs EZk(c,c,c)]
—[(r+s)k(c)+(r+s)C,Ek(c,c)+(r+s)C3 E%k(c,c,c)]
+[ak(c)+aC,Ek(c,c)+qC; E*k(c,c,c)]
+[rk(c)+rC,Ek(c,c)+rC3E%k(c,c,c)]
+[sk(c)+sC,Ek(c,c)+sC3 E2k(c,c,c)
From lengthly simplification,
E2Kk(c4, c", c®)=qrsE?k(c,c,c)
= E?k is a homomorphism w.r.t every variable
Finally, for the Free Monoid on an alphabet (C) with| C| = 2, we discuss Some special solution of (1.5).
AletterceC
c=ci™cy? .. c™, where ¢ € C,mj €W

For each fixed C € C and fixed pair of distinct P, € C, define the functions T, , T, , T;, T, , T :
T.(c;p) = > m, (3.2)

Z
cj—p

T,(c;pa) = Sm, m, (3.4)
j<ic; = P.C;=q

T3(C;p,q) = ij m, (3.5)
i>ic; = P.C;=q

T4(C; p’er) - th mjmi (36)

h<j<ic,=— p,Cj:q,CiZF

T.(c;p,q,r) = > m, m.m. (3.7)
h=> j=>ic, = p,Cj=q,C-=I"
with reference from [4,5], T1 ,T2 ,T3 ,T4 ,T5 are well defined.

Also, Tl ,T2 ,T3 ,T4 ,T5 satisfy:
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T, is additive:T,(cd;p) =T,(c;p)+T,(d; p) (3.8)
T.(c.p)N(c.a) =T,c;pa)+T,(c;pa)  (39)
Tepmeaner)  =T(parTcpar) (3.10)
T,(c;p.a) =T,(c:a.p) (3.10)
T,(c;p.ar) =T,(c;r.q,p) (3.12)
Proposition 2. For any fixed pair of distinct letters p,q in C,
i T, ;p)e KerE®(CW);
i T,( ;p.q)€ KerE(3)(CW)
i) T,( ;p,q)€ KerE® (C W);
i) T,( ;p.qr)e KerEP(CW),
W) T,( ;p.a.r)e KerE®(CW),
Proof.
From (3.8), (i) proved
For (ii). Let write C,,C,,C5,C, € Cis of the form
Cl — Cf]]:l C1512 Cftl'[ ,
Co =CC2.07,
C: =clc?..cX,
Ci =cic2 ..o,
Then
Ta(cicac3cs; p, ) = Zsljsli + ZSZjSZi + ZSSjSI%i
1j<li,clj=p,cli=q 2j<2i,c2j=p,c2i=q 3j<3i,c3j=p,c3i=(q
¥ ZSMSM ¥ ZsljSZi b SSs v D88
4 j<4i,cdj=p,cdi=q clj=p,c2i=q clj=p,c3i=q clj=p,cdi=q
+ Zs2js3i + ZSZjSAi + Zs3j54i
c2j=p,c3i=q c2j=p,cdi=q c3j=p,cdi=q
T2 (cicac3; p, q) = Zsljsli + ZSZjSZi + ZSSjS3i
1j<li,clj=p,cli=q 2 j<2i,c2j=p,c2i=q 3j<3i,c3j=p,c3i=(q
+ ZsljSZi b D 8ySy + Zszjssi
clj=p,c2i=q clj=p,c3i=q c2j=p,c3i=q
Ta(cicacs; p, ) = 2SS 25252 + 2S4S
1j<di,clj=p,cli=q 2j<2i,c2j=p,c2i=q 4 j<4i,c4 j=p,cdi=q
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+ ZSlJSZi + Zsljs4i + Zszjszu

clj=p,c2i=q clj=p,c4i=q c2j=p,cdi=q
AP DAL T 2SS PIEALH
1lj<li,clj=p,cli=q 3j<3i,c3j=p,c3i=q 4 j<di,cd j=p,cdi=q
4 Zsljs3i ¥ Zsljs4i ¥ Zs3js4i
clj=p,c3i=q clj=p,cdi=q c3j=p,cdi=q
o as D S2iSa 2 S:iSa PIEALH
2j<2i,c2j=p,c2i=q 3j<3i,c3j=p,c3i=q 4 j<4ic4j=p,cdi=q
+ ZSZjSSi + ZSZjSM + ZS3jS4i
c2j=p,c3i=q c2j=p,cdi=q c3j=p,cdi=q
necipas  2uSuSH 2SS+ 2SSy
1jdi,clj=p,cli=q 2j<2i,c2j=p,c2i=q clj=p,c2i=q
R D DR T DICACHEND DAL
lj<li,clj=p,cli=q 3j<3i,c3j=p,c3i=q clj=p,c3i=q
necpas 2SS + 2SuSa v+ 2SS
1j<li,clj=p,cli=q 4 j<4i,c4 j=p,cdi=q clj=p,cdi=q
o as 2,525 + DIENEEIND LS
2j<2i,c2j=p,c2i=q 3j<3i,c3j=p,c3i=q c2j=p,c3i=q
ncsna= D S2iSa 4 DSuiSa v 2,524
2 j<2i,c2j=p,c2i=q 4 j<4i,cdj=p,cdi=q c2j=p,cdi=q

Ta(caca;p,q) = Z3j<3i,c3j:p,c3i=q S3jS3i + Z4i<4i.c4j=P'C4i:q SajSai * Z:53/:7"531’:‘7 §3j5a1
Ta(cy;p,q) = Z1j<1iclj=p,cli=q S1j S1i
Ta(c2;p,q) = sz<2i,c2]-=p.czi=q S2j52i
Ta(C3;p,0) = X3j<3icy=p,csj=q 53jS3i

Tz(C4;p,C|) = Z4j<4i,c4j=p,c4i=q S4js4i

Ta(c1c2¢3¢4;p,q) = Ta(C1CaC3;p,q) — TaCaCaCa;p,q) - Ta(CaC3Caip,q) - TalCaCaca;p,q) - Ta(caco;p,q) - Talcacs;p,q) - Talcrcap,g) - TalcaCsip,q) =
Ta(C2€a;p,0) - Ta(CaCa;p,a) - Talci;p,a) - Talcz;p,q) - Tacs;p,q) - Talcap,g) =0
T,(*;p,q) satisfies equations (1.5).
Ta(+;p,q) € KerE®(C,W)
Similarly we can prove (iii)-(v)

Finally to find the solution of (1.5) on (C), we present C with a liner order <. Every c€ Cis of the form

Mg, M2 Mmy¢, Moy, Moo 2t Mgy, Ms2 Mst
Vo LYYy S, LYy (3.13)

c=y My, Py,
Here yi<y:<.....y,
Theorem 2 Assume |C |>2. Suppose that keKerE3({C ),D), then
k(c)= X, Ti(;p)k(p) +X,(Ti(c; p)CER(p, p)+ Zp(T1(c; p)CE?k (D, 0, 0) + Zp<q(T2(c; 0, )Ek (D, @) +
Yp<a(Ts(c; 0, Ek(q, D)+ Lp<qer(Ta(c; 0, 4, T)E*k (D, 4, 7)+ Xpaqar(Ts(c; 0, 4, V) E?k(r, q, )
Proof If k satisfies (1.5). For ¢, with s>1 and t>1, let briefly
bj:=y,"2..yy™t forj=1,2,....,s
k(C) =k (y1m11b1y1m21b2"_ylms-lbs)
=k(y1™y2 "Y1 ibobs. 1) + X< [Ek(p)Y, ¥ — Ek(yi™t, yitv)]
+Yi[E?k (v, 10,y yiBY) = B2k (3, yi2h, pt )]
=k (" bibobs...bs) + Yo Taco [EK(g™, 3 — ER (Y, v
+Tn<ges Tl E2 (™, v ", v) = Bk 0 3", yg™™)]

=k (lel(c;vl)szl(c;vz)."ytTl(c;yt)) + Zy<]’ Zu<v [Ek( y;ngv’ y;’l]‘“-) — Ek (y;"]'u’ y:lgv)]
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+ Bncge) Tucosw [E2 K™, 30", ) = B2k O 90 v
=k (lel(C;yl)VZTl(C;yz)---ytTl(C;yt)) + Zg<j Zu<v mju mgv [Ek (yw Yu) — Ek (yw yv)]
+ Zh<g<j Zu<1i<w mju mgv Mpw [Ezk(YWJ Vv yu) - Ezk(Yu' Vv, yw) ]
=k (lel(C;yl)VZTl(C;yz)---ytTl(C;yt)) - Zg<j Zu<1; mj, Mgy, [Ek(yw yv) — Ek (yv' yu)]
- Zh<g<j Zu<v<w mju mgv Mpw [Ezk(yw Vv, yw) - Ezk(YW' Vv, yu) ]

Use (2.7) and (3.9) and (3.10), and Replace y, yv and yy as p,q and r respectively, we get
K(C) = Zp Tl (C; P)k(P) + Zp(Tl (C; P))CzEk(p' p) + Zp(Tl (C; p))C3E2k(p' b, p)
+2p<q T2 (60, DER(D, @) + Xpeq Ts (60, DER(G, P) + peqar Ta (60,4, 7)E?k(D, q,7)
+ Zp<q<r TS (C; b, q, r)Ezk(r, q, P)

4 CONCLUSION

The solution for 3™ order Cauchy Difference Equation in Free Monoid has been found. This work can be extend to all types of groups and
different type of Cauchy functional Equations.
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