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Abstract— Let k: C → D  be a function, where (C,.) is a Group and (D,+) is an Abelian Group. In  this article, the Third Order Cauchy difference of 
k:E(3)  k (c1,c2,c3,c4)= k(c1c2c3c4) –  k(c1c2c3)  – k(c1c3c4) – k (c1c2c3c4) –k (c2c3c4) +  k(c1c2) +  k (c1c3) +k(c1c4)+k(c2c3)+ k(c2c4)+k(c3c4) –k(c1) – k(c2) –k(c3) –k(c4)                                                                                                                                                                 
Ɐ c1,c2,c3,c4 ∈ C    is studied. We give solutions of E(3)k=0  on Free Monoid.        
Keywords—Abelian Group, Cauchy Difference Equation, Free Monoid, Free Group, Group, 

 

 
1 INTRODUCTION    

We know that from [1] Jenson’s equation 
                      k(c+d)+k(c-d)=2k(c)                                                            (1.1) 
with k(0)=0, is equal to Cauchy’s equation 
                        k(c+d)=k(c) + k(d) 
in the real line.   Let (C,.) is a Group, (D,+) is an Abelian Group.  Let e ∈ C and 0∈ D are identity. 
For a function  k:  C → D, its Cauchy Difference Equation E(m)k,  is define 
                                       E(0)h  =  h,                                                                    (1.2) 
                                       E(1) k(c1c2) = k(c1c2) – k(c1) – k(c2)                                (1.3) 
                                      E(m+1)  k(c1,c2,…,cm+2)  =  E(m)k (c1,c2,c3,…,cm+2) 
                                      – E(m)   k(c1,c3,…,cm+2) – E(m)  k(c2,c3,…,cm+2)                                       (1.4) 
E(1)k  denoted as Ek. In [6], by using  the reduction formulas and relations, in [4,5], the general solution of Cauchy Difference Equation given 
on free groups. 
We consider the following functional equation, in this article 
                k(c1c2c3c4)  –  k(c1c2c3)  - k(c1c3c4) - k(c1c2c4)  - k(c2c3c4)+ k(c1c2) + k (c1c3) + k(c1c4) + k(c2c3) + k(c2c4) + k(c3c4) 
                 -k(c1) - k(c2) - k(c3) - k(c4)=0    Ɐ c1,c2,c3, c4 ϵ C                  (1.5) 
From (1.4) that (1.5) is 
                                                      E(3)k =  0 
The aim of this article is to find the solutions of (1.5) on Free Monoid.  
 The solution of (1.5) define 
                                       Ker E(3) (C,D) = {k : C →D | k    satisfies     (1.5)}                (1.6) 
Remark  1 
                     1.Ker E(3) (C,D) is an Abelian Group under the pointwise addition of functions; 
                    2.Hom(C,D) ≤  Ker E(3) (C,D) 

 
           2. Properties of  Solutions 
           Lemma 1  If k  ϵ  Ker E(3) (C,D) then  
                               k(e) = 0,                                                                                             (2.1) 
                              Ek (c1,c2) = 0, when c1 = e or c2  = e                                                 (2.2) 
                             E2k (c1,c2,c3) = 0 when c1 = e or c2  = e or c3 = e                               (2.3) 
                             E2k  is a Homomorphism  w.r.t every variable                              (2.4) 

                             k(cm ) =  mk(c)  +  (𝑚
2

) Ek(c,c) + (𝑚
3

) E2k (c,c,c)                                (2.5) 

          for all c,c1,c2,c3, ϵ C and m ϵ Z. 
        Proof: 
            In (1.5) Put c1 = e ═>  (2.1).  
            We can Prove (2.2)-(2.3) from (2.1) 
            Also,from the definition of E2k, 
            E2k (c1 ,c2c3 ,c4)  =   k(c1c2c3c4)  -  k(c1c2c3)  - k(c1c4) -  k(c2c3c4)  + k(c1)  + k(c2c3) + k(c4) 
           
 
 
            and 
            E2k (c1,c2,c4)  + E2k (c1,c3,c4)   =  k(c1c2c4) - k(c1c2) -k(c1c4) -k(c2c4) +k(c1) +k(c2)+k(c4) + k(c1c3c4)-k(c1c3) -k(c1c4)-k(c3c4) +k(c1) +k(c3)+k(c4) 
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           E2k(c1,c2,c3,c4) – E2k(c1,c2,c4) – E2k(c1,c3,c4) = E3k(c1,c2, c3,c4) = 0 
             E2k(c1, . ,c3) is a homomorphism. 
           Similar way we can prove E2k (. ,c2,c3) and E2k(c1,c2, . ) are homomorphism. 
           Hence (2.4) proved. 
           To prove (2.5).  This is Obviously true for m = 0,1,2 from (2.1) and from the definition of Ek and E2k. 
           Assume (2.5) true for all m≤3 m Є N, then 
                                  k(cm) = k(cm-2 . c . c) 
                                           = 2k(cm-1) + k(c2) – k(cm-2) – 2k(c) + E2k(cm-2, c, c) 
                                          = 2[(m – 1) k(c) + ( m – 1)C2Ek(c, c) + (m – 1)C3E2k(c, c, c)] + 2k(c) + Ek(c, c)  

                     -[(m – 2)k(c) + (m – 2) C2Ek(c, c) + (m – 2) C3E2k(c, c, c)] – 2k(c) + (m – 2)E2k(c, c, c) 

                                         = mk(c) + mC2Ek(c, c) + mC3E2k(c, c, c) 
                                 (2.5) proved ꓯm ≥0. 
          For m>0, 
           Ek(cm, c-m, cm)  = k(cm) – k(e) – k(c2m) – k(e) + k (c-m) + k(cm)  
                                     = 3k(cm) + k(c-m) – k(c2m) 
                      k(c-m) = k(c2m) – 3k(cm) + E2k(cm, c-m, cm) 
                                     = [2mk(c) + (2m)C2Ek(c, c) + (2m) C3E2k(c, c, c)] – 3[mk(c) 
                                         + mC2Ek(c,c) + m C3E2k(c, c, c)] – (m3)E2k(c, c, c) 
                                    = -mk(c) + (-m)C2Ek(c,c) + (-m) C3E2k(c, c, c)  
                      Hence (2.5) proved for m<0. 
 
          Remark 2  The following are pairwise equivalent for k:C→D 

(i) k Є Ker E(3) (C, D); 

(ii) E2k (. ,c2,c3)  is a Homomorphism; 

(iii) E2k(c1, . ,c3)  is a Homomorphism; 

(iv) E2k(c1,c2, . )  is a Homomorphism 

           E2k is a Homomorphism w.r.t every variable. 
         Since D is abelian, (2.4) implies that E2k can be factored through the abelianized Cabc 
 
       Remark 3:  Let  k: C→ D be a function. For any fixed 𝑐4 ∈ C, consider the function h(𝑐1) := Ek(𝑐1, 𝑐4).Taking the Cauchy difference of h twice we           
get 𝐸2ℎ(𝑐1, 𝑐2, 𝑐3) = ℎ(𝑐1𝑐2𝑐3) − ℎ(𝑐1𝑐2) − ℎ(𝑐1𝑐3) − ℎ(𝑐2𝑐3) + ℎ(𝑐1) +  ℎ(𝑐2) + ℎ(𝑐3). Since h = Ek(.  ,𝑐4) we may write that as 

        𝐸2𝐸𝑘(.  ,𝑐4)(𝑐1, 𝑐2, 𝑐3) = Ek(.  ,𝑐4)( 𝑐1𝑐2𝑐3) – Ek(.  ,𝑐4)( 𝑐1𝑐2) – Ek(.  ,𝑐4)( 𝑐1𝑐3) –Ek(.  ,𝑐4)( 𝑐2𝑐3) + Ek(.  ,𝑐4)( 𝑐1) + Ek(.  ,𝑐4)( 𝑐2) + Ek(.  ,𝑐4)( 𝑐3) 

                           = Ek((𝑐1𝑐2𝑐3) , 𝑐4) – Ek((𝑐1𝑐2) , 𝑐4) − Ek((𝑐1𝑐3) , 𝑐4)  −   Ek((𝑐2𝑐3) , 𝑐4) +   Ek((𝑐1) , 𝑐4) + Ek((𝑐2) , 𝑐4) +Ek((𝑐3) , 𝑐4)  
                           =  𝐸3(𝑐1, 𝑐2, 𝑐3, 𝑐4) 

           Similarly  ⇒       𝐸(𝑛)𝐸𝑘(.  ,𝑐𝑚+2)(𝑐1, 𝑐2, … … . , 𝑐𝑛+1)=𝐸(𝑛+1)k(𝑐1, 𝑐2, … … . , 𝑐𝑛+1, 𝑐𝑛+2)       for all higher orders n. 

 
        Lemma 2   For any function k:C→D and  t ∈ ℕ, the fowllowing result is valid; 

                             k(𝑐1𝑐2 … 𝑐𝑡) =  ∑  ∑ 𝐸(𝑛−1)
1≤𝑗1<𝑗2<….<𝑗𝑛≤𝑡𝑛≤𝑡 k((𝑐𝑗1

, 𝑐𝑗2
, … … . , 𝑐𝑗𝑛

) 

           (2.6) 

        Proposition 1  If k ∈ Ker𝐸(3)(C,D).Then 

                     k(𝑐1
𝑚1𝑐2

𝑚2 … . 𝑐𝑡
𝑚𝑡) =∑ [1≤𝑗≤𝑡 𝑚𝑗𝑘(𝑐𝑗) + 𝑚𝑗𝐶2𝐸𝑘(𝑐𝑗 , 𝑐𝑗) + 𝑚𝑗𝐶3𝐸2𝑘(𝑐𝑗 , 𝑐𝑗 , 𝑐𝑗)]   +∑ 𝑚𝑗1

𝑚𝑗2
𝐸𝑘(1≤𝑗1≤𝑗2≤𝑡 𝑐𝑗1

, 𝑐𝑗2
)  

  +∑ 𝑚𝑗1
𝑚𝑗2

𝑚𝑗3
𝐸2𝑘(𝑐𝑗1

, 𝑐𝑗2
, 𝑐𝑗31≤𝑗1≤𝑗2≤𝑗3≤𝑡 )                          (2.7) 

                        for  𝑚 𝑗 ∈ ℤ and all 𝑐𝑗  ∈ 𝐶, j=1,2,....t such that 𝑐𝑖  ≠  𝑐𝑖+1 , i= 1,2, .....,t-1 

        Proof    

          Replacing  𝑐𝑗  in (2.6) by 𝑐
𝑗

𝑚𝑗  , we have 

          k(𝑐1
𝑚1 , 𝑐2

𝑚2 … … . 𝑐𝑡
𝑚𝑡) = ∑  ∑ 𝐸(𝑛−1)

1≤𝑗1<𝑗2<⋯.<𝑗𝑛≤𝑡𝑛≤𝑡 k(𝑐
𝑗1

𝑚𝑗1 , 𝑐
𝑗2

𝑚𝑗2 , … . 𝑐
𝑗𝑛

𝑚𝑗𝑛) 

          E(n-1)  k=0 for n≥4 gives                      

           𝑘(𝑐1
𝑚1𝑐2

𝑚2 … 𝑐𝑡
𝑚𝑡) =  ∑ 𝑘(𝑐𝑗

𝑚𝑗

1≤𝑗≤𝑡 ) + ∑ 𝐸𝑘(𝑐
𝑗1

𝑚𝑗1 , 𝑐
𝑗2

𝑚𝑗2
1≤𝑗1<𝑗2≤𝑡 ) +   ∑ 𝐸2𝑘(𝑐

𝑗1

𝑚𝑗1 , 𝑐
𝑗2

𝑚𝑗2
1≤𝑗1<𝑗2<𝑗3≤𝑡 , 𝑐

𝑗3

𝑚𝑗3) 

                  ⇒𝑘(𝑐1
𝑚1𝑐2

𝑚2 … 𝑐𝑡
𝑚𝑡) = ∑ [𝑚𝑗𝑘(𝑐𝑗) + 𝑚𝑗𝐶2𝐸𝑘(𝑐𝑗,𝑐𝑗) + 𝑚𝑗𝐶3𝐸2𝑘(1≤𝑗≤𝑡 𝑐𝑗 , 𝑐𝑗 , 𝑐𝑗)] + ∑ 𝑚𝑗1

𝑚𝑗2
𝐸𝑘(𝑐𝑗1 , 𝑐𝑗2

)1≤𝑗1<𝑗2≤𝑡            

                                                  + ∑ 𝑚𝑗1
𝑚𝑗2

𝑚𝑗3
𝐸2𝑘(𝑐𝑗1 , 𝑐𝑗2

, 𝑐𝑗3
)1≤𝑗1<𝑗2<𝑗3≤𝑡  
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           Therefore (2.7) is proved 
 

          3   Solution in a free Monoid 
 Since every Free Monoid can be embedded in a free group. 
        First solve (1.5) for the Free Monoid C on a one letter c. 

Theorem  1 Let C is the Free Monoid on single character c. Then k∈Ker𝐸(3)(C,D) 
Iff     k(𝑐𝑚)= mk(c)+m𝐶2Ek(c,c)+m𝐶3𝐸2k(c,c,c)   for  all    m ∈ W                   (3.1) 
Proof   
        ⇒ From (2.5) in lemma 1, 
k(𝑐𝑚)=mk(c)+m𝐶2Ek(c,c)+m𝐶3𝐸2k(c,c,c) 
        ⇐ Take k(𝑐𝑚)= mk(c)+m𝐶2Ek(c,c)+m𝐶3𝐸2k(c,c,c)   for  all    m ∈ W  on C =< c >.  

To Prove k ∈ Ker𝐸(3)(C,D). 
i.e., we want to prove 𝐸2k is a homomorphism w.r.t every variable 
Assume  
                                                      u=cq,v=cr,w=cs 
be any 3 elements of C. 

                                                  𝐸2k(u,v,w)=𝐸2k(𝑐𝑞 , 𝑐𝑟 , 𝑐𝑠) 
                                                                     =k(𝑐𝑞+𝑟+𝑠)−k(𝑐𝑞+𝑟)−k(𝑐𝑞+𝑠) –k(𝑐𝑟+𝑠)+k(𝑐𝑞)+k(𝑐𝑟)+k(𝑐𝑠) 
                                                                     =[(q+r+s)k(c)+(q+r+s)𝐶2Ek(c,c)+(q+r+s)𝐶3𝐸2k(c,c,c)] 
                                                                        −[(q+r)k(c)+(q+r)𝐶2Ek(c,c)+(q+r)𝐶3𝐸2k(c,c,c)] 
                                                                        −[(q+s)k(c)+(q+s)𝐶2Ek(c,c)+(q+s)𝐶3𝐸2k(c,c,c)] 
                                                                       −[(r+s)k(c)+(r+s)𝐶2Ek(c,c)+(r+s)𝐶3𝐸2k(c,c,c)] 
                                                                        +[qk(c)+q𝐶2Ek(c,c)+q𝐶3𝐸2k(c,c,c)] 
                                                                        +[rk(c)+r𝐶2Ek(c,c)+r𝐶3𝐸2k(c,c,c)] 
                                                                         +[sk(c)+s𝐶2Ek(c,c)+s𝐶3𝐸2k(c,c,c)   
                                From lengthly simplification, 
                                                𝐸2k(𝑐𝑞 , 𝑐𝑟 , 𝑐𝑠)=qrs𝐸2k(c,c,c) 
                                ⇒ 𝐸2k is a homomorphism w.r.t every variable 
           Finally, for the Free Monoid on an alphabet 〈𝒞〉 with ⎸𝒞 ⎸≥ 2, we discuss Some special solution of (1.5). 
            A letter c ∈ 𝒞 
                              c = 𝑐1

𝑚1𝑐2
𝑚2 … 𝑐𝑡

𝑚𝑡 , where 𝑐𝑗  ∈ 𝒞,𝑚𝑗  ∈ 𝕨 

          For each fixed Cc ∈  and fixed pair of distinct Cqp, ∈ , define the functions 1T , 2T , 3T , 4T , 5T : 

( )

( )

( ) ( )

( )

( ) )7.3(

)6.3(

5.3

)4.3(

)2.3(

5

4

3

2

1

ij

ijh
ci,>j>h

h

ij

ijh
ci,<j<h

h

i

ij
ci,>j

j

i

ij
ci,<j

j

j
c

j

mm
r=cq,=cp,=

mrq,p,c;T

mm
r=cq,=cp,=

mrq,p,c;T

m
q=cp,=

mqp,c;T

m
q=cp,=

mqp,c;T

p=
mpc;T











=

=

=

=

=

 

             with reference from [4,5], 54321 T,T,T,T,T  are well defined. 

           Also, 54321 T,T,T,T,T  satisfy: 
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( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) )12.3(

)11.3(

)10.3(

)9.3(

)8.3(:

54

23

54111

3211

1111

pq,r,c;Trq,p,c;T

pq,c;Tqp,c;T

rq,p,c;T+rq,p,c;Trc,Tqc,Tpc,T

qp,c;T+qp,c;Tqc,Tpc,T

pd;T+pc;Tpcd;TadditiveisT

=

=

=

=

=  

 
 
 

               Proposition 2.  For any fixed pair of distinct letters p,q in C , 

                                            (i)      ( ) ( )( )WC,KerEp;T 3

1 ∈ ; 

                                            (ii)      ( ) ( )( )WC,KerEqp,;T 3

2 ∈ ; 

                                            (iii)    ( ) ( )( )WC,KerEqp,;T 3

3 ∈ ; 

                                             (iv)   ( ) ( )( )WC,KerErq,p,;T 3

4 ∈ ; 

                                              (v) ( ) ( )( )WC,KerErq,p,;T 3

5 ∈ ; 

             Proof.  
                  From (3.8), (i) proved 
                      

                   For (ii). Let write 4321 c,c,c,c  ∈  C is of the form 

,c…ccc

,c…ccc

,c…ccc

,c…ccc

t
s

t

ss

t
s

t

ss

t
s

t

ss

t
s

t

ss

4
4

42
42

41
41

4

3
3

32
32

31
31

3

2
2

22
22

21
21

2

1
1

12
12

11
11

1

=

=

=

=  

 

                  Then 

               T2 (c1c2c3c4; p, q) =     
== qicpjcij

ij
ss

1,1,11

11 +      
== qicpjcij

ij
ss

2,2,22

22   +    
== qicpjcij

ij
ss

3,3,33

33  

                                           + 
== qicpjcij

ijss
4,4,44

44   +   
== qicpjc

ij ss
2,1

21   +   
== qicpjc

ij ss
3,1

31   +  
== qicpjc

ij ss
4,1

41  

                                              +  
== qicpjc

ijss
3,2

32   +   
== qicpjc

ijss
4,2

42   +  
== qicpjc

ij ss
4,3

43  

             T2 (c1c2c3; p, q) =   
== qicpjcij

ij
ss

1,1,11

11 +      
== qicpjcij

ijss
2,2,22

22   +    
== qicpjcij

ijss
3,3,33

33  

                             +    
== qicpjc

ij ss
2,1

21   +   
== qicpjc

ij ss
3,1

31   + 
== qicpjc

ijss
3,2

32  

             T2 (c1c2c4; p, q) =    
== qicpjcij

ijss
1,1,11

11 +      
== qicpjcij

ijss
2,2,22

22   +   
== qicpjcij

ij ss
4,4,44

44   
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        +   
== qicpjc

ij ss
2,1

21   +     
== qicpjc

ij ss
4,1

41      +   
== qicpjc

ijss
4,2

42   

             T2 (c1c3c4; p, q) = 
== qicpjcij

ijss
1,1,11

11 +      
== qicpjcij

ijss
3,3,33

33    +    
== qicpjcij

ij ss
4,4,44

44  

     +   
== qicpjc

ijss
3,1

31     +     
== qicpjc

ijss
4,1

41      +  
== qicpjc

ijss
4,3

43  

            T2 (c2c3c4; p, q) = 
== qicpjcij

ijss
2,2,22

22   +    
== qicpjcij

ijss
3,3,33

33    +    
== qicpjcij

ij ss
4,4,44

44  

                                            + 
== qicpjc

ijss
3,2

32    +   
== qicpjc

ijss
4,2

42    +  
== qicpjc

ijss
4,3

43  

             T2 (c1c2; p, q) = 
== qicpjcij

ijss
1,1,11

11 +    
== qicpjcij

ijss
2,2,22

22   +  
== qicpjc

ij ss
2,1

21  

               T2 (c1c3; p, q) = 
== qicpjcij

ijss
1,1,11

11 +      
== qicpjcij

ijss
3,3,33

33   + 
== qicpjc

ijss
3,1

31      

              T2 (c1c4; p, q) = 
== qicpjcij

ijss
1,1,11

11    +    
== qicpjcij

ij ss
4,4,44

44     +     
== qicpjc

ijss
4,1

41       

              T2 (c2c3; p, q) = 
== qicpjcij

ijss
2,2,22

22   +    
== qicpjcij

ijss
3,3,33

33    + 
== qicpjc

ijss
3,2

32     

             T2 (c2c4; p, q) = 
== qicpjcij

ijss
2,2,22

22   +      
== qicpjcij

ijss
4,4,44

44   + 
== qicpjc

ij ss
4,2

42     

             T2(c3c4;p,q) = ∑ 𝑠3𝑗𝑠3𝑖3𝑗<3𝑖,𝑐3𝑗=𝑝,𝑐3𝑖=𝑞  + ∑ 𝑠4𝑗𝑠4𝑖4𝑗<4𝑖,𝑐4𝑗=𝑝,𝑐4𝑖=𝑞  +   ∑ 𝑠3𝑗𝑠4𝑖𝑐3𝑗=𝑝,𝑐3𝑖=𝑞  

             T2(c1;p,q) = ∑ 𝑠1𝑗1𝑗<1𝑖𝑐1𝑗=𝑝,𝑐1𝑖=𝑞 𝑠1𝑖   

            T2(c2;p,q) = ∑ 𝑠2𝑗𝑠2𝑖2𝑗<2𝑖,𝑐2𝑗=𝑝,𝑐2𝑖=𝑞  

            T2(c3;p,q) = ∑ 𝑠3𝑗𝑠3𝑖3𝑗<3𝑖,𝑐3𝑖=𝑝,𝑐3𝑗=𝑞  

            T2(c4;p,q) = ∑ 𝑠4𝑗𝑠4𝑖4𝑗<4𝑖,𝑐4𝑗=𝑝,𝑐4𝑖=𝑞  

 
           T2(c1c2c3c4;p,q) – T2(c1c2c3;p,q) – T2(c1c2c4;p,q) -   T2(c1c3c4;p,q) -   T2(c2c3c4;p,q) -   T2(c1c2;p,q) -   T2(c1c3;p,q) -   T2(c1c4;p,q) -   T2(c2c3;p,q) –  
                                           T2(c2c4;p,q) -   T2(c3c4;p,q) -   T2(c1;p,q) -   T2(c2;p,q) -  T2(c3;p,q) -   T2(c4;p,q) = 0 
                                                                              T2(∙;p,q) satisfies equations (1.5). 

                                                                                 T2(∙;p,q) ∈ Ker𝐸(3)(𝐶,W) 
              Similarly we can prove (iii)-(v) 
            Finally to find the solution of (1.5) on 〈∁〉, we present ∁ with a liner order <. Every c∈ C is of the form 

                                       c = 𝑦1
𝑚11𝑦2

𝑚12 ...𝑦𝑡
𝑚1𝑡𝑦1

𝑚21 𝑦2
𝑚22…𝑦𝑡

2𝑡 … 𝑦1
𝑚𝑠1𝑦2

𝑚𝑠2 … 𝑦𝑡
𝑚𝑠𝑡                                                    (3.13) 

            Here y1<y2<……yt, 
            Theorem 2 Assume |∁ |>2. Suppose that k∈Ker𝐸3(〈∁ 〉,D), then 
                    k (c) =   ∑  T1(c; p)k(p)  𝑝 + ∑ (𝑇1(𝑐; 𝑝)𝐶2𝐸𝑘(𝑝, 𝑝)𝑝 +  ∑ (𝑇1(𝑐; 𝑝)𝐶3𝐸2𝑘(𝑝, 𝑝, 𝑝)𝑝   + ∑ (𝑇2(𝑐; 𝑝, 𝑞)𝐸𝑘(𝑝, 𝑞)𝑝<𝑞  +      

                               ∑ (𝑇3(𝑐; 𝑝, 𝑞)𝐸𝑘(𝑞, 𝑝)𝑝<𝑞 + ∑ (𝑇4(𝑐; 𝑝, 𝑞, 𝑟)𝐸2𝑘(𝑝, 𝑞, 𝑟)𝑝<𝑞<𝑟 + ∑ (𝑇5(𝑐; 𝑝, 𝑞, 𝑟)𝐸2𝑘(𝑟, 𝑞, 𝑝)𝑝<𝑞<𝑟  

            Proof  If k satisfies (1.5). For c, with s>1 and t>1, let briefly 
                                               bj:= y2

mj2…yt
mjt  for j=1,2,….,s 

                            k(c) = k (y1
m11b1y1

m21b2…y1
ms-1bs) 

                                   =k(y1
m11y1

m21y1
m31b1b2b3…y1

ms1bs) +  ∑ [𝐸𝑘(𝑦𝑣
𝑚1𝑣 , 𝑦1

𝑚21) −  𝐸𝑘(𝑦1
𝑚21, 𝑦𝑣

𝑚1𝑣)]1<𝑣   
                                     + ∑ [𝐸2𝑘 (𝑦1<𝑣 𝑣

(𝑦𝑣
𝑚1𝑣 , 𝑦1

𝑚21, 𝑦1
𝑚31) − 𝐸2𝑘 (𝑦1

31, 𝑦1
𝑚21, 𝑦𝑣

𝑚1𝑣)] 

                                    = k (y1
T1(c;y1)b1b2b3…bs) + ∑  ∑ [𝐸𝑘(𝑦𝑞

𝑚𝑔𝑣
1<𝑣𝑔<𝑗 , 𝑦1

𝑚𝑗1
) − 𝐸𝑘(𝑦1

𝑚𝑗1
, 𝑦𝑣

𝑚𝑔𝑣
)] 

                                      + ∑  ∑ [𝐸2
1<𝑣ℎ<𝑔<𝑗 𝑘(𝑦𝑞

𝑚ℎ𝑣 , 𝑦𝑞
𝑚𝑔𝑣

, 𝑦1
𝑚𝑗1

) −  𝐸𝑘 (𝑦1
𝑚𝑗1

, 𝑦𝑣
𝑚𝑔𝑣

, 𝑦𝑞
𝑚ℎ𝑣)] 

                                   = k (y1
T1(c;y1)y2

T1(c;y2)…yt
T1(c;yt)) + ∑  ∑ [𝐸𝑘(𝑢<𝑣𝑔<𝑗 𝑦𝑞

𝑚𝑔𝑣
, 𝑦𝑢

𝑚𝑗𝑢
) − 𝐸𝑘(𝑦𝑢

𝑚𝑗𝑢
, 𝑦𝑣

𝑚𝑔𝑣
)] 
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                                     + ∑  ∑  [𝐸2
𝑢<𝑣<𝑤ℎ<𝑔<𝑗 𝑘(𝑦𝑤

𝑚ℎ𝑤 , 𝑦𝑣
𝑚𝑔𝑣

, 𝑦𝑢
𝑚𝑗𝑢

) −  𝐸2𝑘 (𝑦𝑢
𝑚𝑗𝑢

, 𝑦𝑣
𝑚𝑔𝑣

, 𝑦𝑤
𝑚ℎ𝑤)] 

                                  = k (y1
T1(c;y1)y2

T1(c;y2)…yt
T1(c;yt)) + ∑  ∑ 𝑚𝑗𝑢𝑢<𝑣𝑔<𝑗 𝑚𝑔𝑣[𝐸𝑘(𝑦𝑣, 𝑦𝑢) −  𝐸𝑘 (𝑦𝑢, 𝑦𝑣)] 

                                    + ∑  ∑  𝑚𝑗𝑢 𝑢<𝑣<𝑤ℎ<𝑔<𝑗 𝑚𝑔𝑣 𝑚ℎ𝑤[𝐸2𝑘(𝑦𝑤, 𝑦𝑣 , 𝑦𝑢) − 𝐸2𝑘(𝑦𝑢, 𝑦𝑣, 𝑦𝑤) ] 

                                  =  k (y1
T1(c;y1)y2

T1(c;y2)…yt
T1(c;yt)) −  ∑  ∑ 𝑚𝑗𝑢𝑢<𝑣𝑔<𝑗 𝑚𝑔𝑣[𝐸𝑘(𝑦𝑢 , 𝑦𝑣) −  𝐸𝑘 (𝑦𝑣 , 𝑦𝑢)] 

                                      − ∑  ∑  𝑚𝑗𝑢 𝑢<𝑣<𝑤ℎ<𝑔<𝑗 𝑚𝑔𝑣 𝑚ℎ𝑤[𝐸2𝑘(𝑦𝑢, 𝑦𝑣, 𝑦𝑤) − 𝐸2𝑘(𝑦𝑤 , 𝑦𝑣 , 𝑦𝑢) ] 

 
              Use (2.7) and (3.9) and (3.10), and Replace yu, yv and yw as p,q and r respectively, we get 
                          K(c) = ∑ 𝑇1𝑝 (𝑐; 𝑝)𝑘(𝑝) + ∑ (𝑇1𝑝 (𝑐; 𝑝))𝐶2𝐸𝑘(𝑝, 𝑝) +  ∑ (𝑇1𝑝 (𝑐; 𝑝))𝐶3𝐸2𝑘(𝑝, 𝑝, 𝑝)  

                                    + ∑ 𝑇2𝑝<𝑞 (𝑐; 𝑝, 𝑞)𝐸𝑘(𝑝, 𝑞) + ∑ 𝑇3𝑝<𝑞 (𝑐; 𝑝, 𝑞)𝐸𝑘(𝑞, 𝑝) +  ∑ 𝑇4𝑝<𝑞<𝑟 (𝑐; 𝑝, 𝑞, 𝑟)𝐸2𝑘(𝑝, 𝑞, 𝑟) 

                            +  ∑ 𝑇5𝑝<𝑞<𝑟 (𝑐; 𝑝, 𝑞, 𝑟)𝐸2𝑘(𝑟, 𝑞, 𝑝) 

 
4 CONCLUSION 

The solution for 3rd order Cauchy Difference Equation in Free Monoid has been found. This work can be extend to all types of groups and 

different type of Cauchy functional Equations. 
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