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Abstract: When semiconductor lasers SLs are exposed to filtered optical feedback (FOB), they behave in two different 

ways. Under weak or strong feedback, the first is a singularly stable longitudinal mode with a small linewidth. The second 

is the so-called coherence breakdown condition, which also includes low frequency fluctuations (LFF) and chaotic 

oscillations. The latter has received a lot of attention recently due to the possible uses of chaotic lasers in chaotic lidar, 

covert communications, and chaotic correlation time-domain optical reflectometers, while the former has received a lot of 

research in recent years. We investigate the behavior of a quantum dot (QD) semiconductor laser subject to FOF from two 

separate external cavities both, numerically and experimentally. Our findings show that the second FOF allows for rich 

adjustment of the laser frequency. Our analysis of double-filtered optical feedback (DFOF) lasers is on fundamental 

solutions, sometimes referred to as continuous waves (CW) or external filtering modes (EFM), which result in a QD laser 

output with constant amplitude and frequency. The time delay suppression is dependent on the spectral width Ʌ of the filter 

and how far it is from the solitary laser frequency, according to numerical calculations. 
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1. Introduction  

The nonlinear response to perturbations, which manifests in pronounced sensitivity to things like external optical 

injection, variations in injection current, noise, or delayed optical feedback, is a distinguishing characteristic of the 

majority of SLs. This apparent sensitivity is particularly intriguing because even small amounts of reinjected light can 

cause chaotic dynamics and disrupt SL emission. For applications needing steady emission, even a tiny back 

reflection from the end of an optical fibre can cause the SL to become unstable [1-3].  

The laser with feedback from an external cavity is known to show a wide range of dynamics  . Unfortunately, the 

dynamics are controlled by a relatively small number of potentially unreachable control factors, necessitating 

painstaking accuracy in the analysis . Recently, we suggested using a frequency filter in the external cavity to regulate 

a variety of feedback light characteristics and therefore affect the feedback system . To change the feedback light 

and achieve the appropriate dynamics, the filter's two additional control parameters, including its spectral bandwidth 

and the location of its central frequency in relation to the single (stand-alone) laser frequency, can be used to alter 

the feedback light such that desired dynamics may be achieved[4, 5] .   

The dynamical response of the laser must be controlled with reliable procedures in order to profitably use the 

dynamics in the right devices. We have demonstrated in previous studies that filtered optical feedback (FOF), in which 

the feedback is spectrally filtered before being transmitted back into the laser, is one potential possibility for exerting 

this control. Of course, spectrum filtering of feedback light into semiconductor lasers is frequently observed in some 

applications where the dynamics of the laser are unimportant. One typical technique for getting a semiconductor laser 

to operate in single mode is to use feedback from a diffraction grating. In these circumstances, the laser is fed back 

a particular spectral component of the diffracted light,and hence this forms a good example of utilizing filtered 

feedback[6, 7]. 

According to the ratio of the filter bandwidth Ʌ, the inverse of the external cavity roundtrip time 𝜏−1 , and the 

relaxation oscillations (RO) frequency vRO, the filtered feedback may generally be divided into three distinct regimes 

. The feedback light will be (nearly) unaffected by the filter if Ʌ is greater than RO, and the system will exhibit typical 

conventional optical feedback (COF) dynamics. The system will be in the filtered feedback (FOF) regime if Ʌ is smaller 
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than RO but larger than  𝜏−1 . In this case, the dynamics may be very different from the comparable COF dynamics. 

Finally, the dynamics will primarily be controlled by the filter if Ʌ is smaller than both RO and  𝜏−1 [8].  

The Lange-Kobayashi approach applied to a standard QD laser model is used to investigate the sensitivity of 

quantum dot SLs to optical feedback. Right now, this trait is a fascinating subject. These materials' discrete energy 

transitions lead to symmetrical emission lines and consequently a low factor. This led to stimulated numerous 

research projects, with anticipated benefits including the elimination of chirp in high-speed applications, lasers 

insensitive to optical feedback, and broadband devices that operate without filaments. Optical isolators are necessary 

in many applications due to the extreme sensitivity of bulk and quantum-well semiconductor lasers to back reflections. 

Given these conditions, numerous dynamic behaviors are possible. [9].  

Normally, in an SL based system, nonlinearities are not expected due to the quick intra-band relaxation rate but 

can be achieved by introducing some external effects, such as; 

1- Injection of external optical signals [10]. 

2-Modulation of pumping currents[11]. 

3-Feedback through an external cavity [12].  

Quantum Dot laser model with DFOF 

Any frequency and filter width combination can be scanned for on the system. Finally, this type of experimental 

setup with a single FOF loop has been successfully used in single laser FOF studies [13]. Particularly, it has been 

demonstrated that a rate equation model, in which the filters are anticipated to have a Lorentzian transmittance profile, 

provides a very good representation of the system [14, 15]. The following rate equations can be used to describe the 

system: 

𝐸• = −
1

2
𝛾𝑠𝐸 +

1

2
(1 + 𝑖𝛼)𝑣𝑔𝑜(2𝜌𝑔𝑠 − 1)𝐸 +

𝑘1

2
𝐹1(𝑡) +

𝑘2

2
𝐹2(𝑡)  (1) 

𝐹1
• =  Ʌ1 𝐸𝜏1𝑒−𝑖𝛩 + (𝑖𝜔𝑚1 − Ʌ1 )𝐹1(𝑡)                                          (2)      

𝐹2
• =  Ʌ2 𝐸𝜏2𝑒−𝑖𝛩 + (𝑖𝜔𝑚2 − Ʌ2 )𝐹2(𝑡)                                      (3) 

   with normalized feedback strengths 𝑘1 and 𝑘2 of the normalized filter fields 𝐹1(𝑡)  and 𝐹2(𝑡) , the two FOF loops 

enter as feedback terms 𝑘1𝐹1(𝑡) and 𝑘2𝐹2(𝑡) In Eq . (1). The quantity 𝛩 is a key parameter because it governs the 

effective feedback strength by influencing interference between the two filter fields [16]. Generally, the filter's inclusion 

in the system results in an integral equation for the filter field. Where first and second loop round-trip times are 𝜏1 and 

𝜏2, respectively. 

By  sub 𝐹1(𝑡) = 𝐹𝐶1(𝑡) + 𝑖𝐹𝑆1(𝑡) and 𝐹2(𝑡) = 𝐹𝐶2(𝑡) + 𝑖𝐹𝑆2(𝑡) in Eq (2) and (3)  We will get 

𝑆• = [𝑣𝑔𝑜(2𝜌𝑔𝑠 − 1) − 𝛾𝑠]𝑆 + 𝑘1𝐹𝑐1 + 𝑘1𝐹𝑐1                             4(𝑎) 

𝜑• =
−𝛼

2
𝑣𝑔𝑜(2𝜌𝑔𝑠 − 1) −

𝑘1

2
 𝐹𝑆1  −

𝑘2

2
 𝐹𝑆2                                4(𝑏) 

𝐹𝐶1
• = 2Ʌ1 √𝑆𝑆𝜏1  𝑐𝑜𝑠(𝜑 + 𝜑𝜏1 + 𝛩) − 𝜔𝑚1𝐹𝑠1 − Ʌ1𝐹𝑐1           4(𝑐)   
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𝐹𝑠1
• = − Ʌ1√

𝑆𝜏1

𝑆
 𝑠𝑖𝑛(𝜑 + 𝜑𝜏1 + 𝛩) + 𝜔𝑚1𝐹𝑐1 − Ʌ1𝐹𝑠1            4(𝑑) 

𝐹𝐶2
• = 2Ʌ2 √𝑆𝑆𝜏2  𝑐𝑜𝑠(𝜑 + 𝜑𝜏2 + 𝛩) − 𝜔𝑚2𝐹𝑠2 − Ʌ2𝐹𝑐2           4(𝑐)   

𝐹𝑠2
• = − Ʌ2√

𝑆𝜏2

𝑆
 𝑠𝑖𝑛(𝜑 + 𝜑𝜏2 + 𝛩) + 𝜔𝑚2𝐹𝑐2 − Ʌ2𝐹𝑠2            4(𝑑) 

The carrier-light interaction in our approach is summarized in (S), which contains longitudinal modes. Our model, 

which is used in this study, is a modified version of the Al-Husseini model for optical feedback in QD lasers [17], in 

which the PCM provides feedback through the external cavity to a single-mode QD semiconductor laser. 𝜏 and 𝑘 are 

crucial factors in any optical feedback system. Additionally, DFOF is a form of coherent feedback, which means that 

the phase difference between the outgoing and returning light is also an important factor. Optical feedback can be 

used in a variety of applications, including optical communications and optical recording. Back reflections from lenses, 

optical fibers, or surfaces can affect the laser's status. Because semiconductor lasers are open, optical light can enter 

more freely. Different dynamical regimes can emerge as a result of this feedback. Low Frequency Fluctuations are 

one of the regimes that occur for injection currents near the threshold [18].  

The spectral widths Ʌ1 and Ʌ2 and the detuning of the filters' central frequencies 𝜔𝑚1 and 𝜔𝑚2 from the solitary 

laser frequency are used to determine the filters' optical properties. both relations of the DFOF laser can be modeled 

by the dimensionless: The authors added new variables to this step. 

𝜂1 =
𝑘1

𝛾𝑠
    , 𝜂2 =

𝑘2

𝛾𝑠
 , 𝛺𝑚1 =

𝜔𝑚1

𝛾𝑠
   , 𝛺𝑚2 =

𝜔𝑚2

𝛾𝑠
    

𝑥• = 𝑥 (𝑦 − 1) + 𝜂1  
𝛤1

𝛤2
𝐹𝑐1  + 𝜂2  

𝛤1

𝛤2
𝐹𝑐2                                              5(𝑎)  

𝜑• =
−𝛼

2
𝑦 −

1

2
𝜂1 𝐹𝑆1 −

1

2
 𝜂2 𝐹𝑆2                                                                5(𝑏)  

𝐹𝐶1
• = 2  𝜆1 𝛤2/𝛤1 √𝑥𝑥𝜏  𝑐𝑜𝑠(𝜑 + 𝜑𝜏 + 𝛩) − 𝛺𝑚1𝐹𝑠1 −  𝜆1𝐹𝑐1           5(𝑐)   

  𝐹𝑠1
• = −  𝜆1√

𝑥

𝑥𝜏
 𝑠𝑖𝑛(𝜑 + 𝜑𝜏 + 𝛩) + 𝛺𝑚1𝐹𝑐1 −  𝜆1𝐹𝑠1                        5(𝑑)          

𝐹𝐶2
• = 2  𝜆2 𝛤2/𝛤1 √𝑥𝑥𝜏  𝑐𝑜𝑠(𝜑 + 𝜑𝜏 + 𝛩) − 𝛺𝑚2𝐹𝑠2 −  𝜆2𝐹𝑐2          5(𝑐)  

 𝐹𝑠2
• = −  𝜆2√

𝑥

𝑥𝜏
 𝑠𝑖𝑛(𝜑 + 𝜑𝜏 + 𝛩) + 𝛺𝑚2𝐹𝑐2 −  𝜆2𝐹𝑠2                         5(𝑑)      

changing the length of the feedback loop on the nanometer optical wavelength scale changes 𝛩, but 𝜏 does not 

effectively change, as has been experimentally justified. Experimentally, has been altered using two separate 

methods  [15, 19]: in [19], a piezo actuator is used to change the feedback loop's length on an optical wavelength 

scale, and in [15] 𝛩 is modified indirectly by extremely slight variations in the pump current, which in turn impact  𝜔𝑂. 

The structure of the fundamental continuous wave (CW) solutions, commonly known as external filter modes (EFM), 

is greatly affects by the addition of the second filter [20].  

External filtered modes of DFOF 
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A laser that generates monochromatic light with specified amplitude and a defined frequency 𝜔𝑠  (relative to the 

solitary laser frequency𝜔0) is the most basic non-zero solution for a DFOF laser. These are EFMS solutions. 

Mathematically, the EFM is the orbital of a group of Eqs. 5(a) - 5(d) under 𝑆1 - symmetry, which means it takes the 

form[20]. 

 

𝐸 = 𝐸𝑠𝑒𝑖𝜔𝑠𝑡  , 𝐹1 = 𝐹𝑠
1

𝑠
𝑒𝑖(𝜔𝑠𝑡+𝜑1)  , 𝐹2 = 𝐹𝑠

2
𝑠
𝑒𝑖(𝜔𝑠𝑡+𝜑2) … … … (6) 

The phase shifts between the two filter fields and the laser field are 𝜑1 and 𝜑2. Due to the fact that the EFM 

surface's intersection curves with constant 𝛩 planes are EFM components and are identical to those of a single FOF 

laser, it is a natural object for exploring fundamental solutions in a DFOF laser. In a nutshell, the EFM surface is a 

collection of all EFM elements that could be found in a DFOF laser for different, constant values of 𝛩. To find the 

EFMs we substitute Eq. (6) into Eqs. (1) - (3) and when we isolate the real and imaginary parts we get:  

𝜔𝑆 =
𝛼

2
𝛾𝑠 +

𝑘1Ʌ1√1 + 𝛼2

2√Ʌ1
2 + (𝜔𝑆 − 𝑤𝑀1 )2

 sin (𝜑1 − tan−1 𝛼) +  
𝑘2Ʌ2√1 + 𝛼2

2√Ʌ2
2 + (𝜔𝑆 − 𝜔𝑀2 )2

 sin (𝜑2 − tan−1 𝛼)      (7) 

                  

                                      𝛺(𝜔𝑠) − 𝜔𝑠 = 0                               (8)   

  

𝛺(𝜔𝑆) =
𝛼

2
𝛾𝑠 + 𝐶𝑒𝑓𝑓1 sin (𝜑1 − tan−1 𝛼) +  𝐶𝑒𝑓𝑓2 sin (𝜑2 − tan−1 𝛼)          (9) 

Where  

                     𝐶𝑒𝑓𝑓1 =
𝑘1Ʌ1√1+𝛼2

2√Ʌ1
2+(𝜔𝑆−𝜔𝑀1 )2

       ,   𝐶𝑒𝑓𝑓2 =
𝑘2Ʌ2√1+𝛼2

2√Ʌ2
2+(𝜔𝑆−𝜔𝑀2 )2

 

𝜑1 = −𝜔𝑆𝜏1 − 𝛩 − 𝑡𝑎𝑛−1(
 𝜔𝑆 − 𝜔𝑀1  

Ʌ1

) 

  

𝜑2 = −𝜔𝑆𝜏2 − 𝛩 − 𝑡𝑎𝑛−1(
 𝜔𝑆 − 𝜔𝑀2  

Ʌ2

)   

A specific set of filter parameters can be used to determine all possible EFM frequencies 𝜔𝑆 using equation (8), which 

is an implicit and transcendental equation. More specifically, by finding the root in Eq. (8), the required frequency 

values 𝜔𝑆 for the DFOF laser can be calculated numerically, for instance using Newton's technique with numerical 

continuity. The first and second terms in the sum of Eq. (9) represent, respectively, the first and second filters. For 

the frequency of the EFMs of the single FOF laser, Eq. (8) reduces to the transcendental equation in [21] if one of the 

𝑘 is set to zero. The remaining state variables have the following values.  

𝐹𝑠
1 =

𝐸𝑆  Ʌ1

√Ʌ1
2+(𝜔𝑆−𝜔𝑀1 )2

  

𝐹𝑠
2 =

𝐸𝑆  Ʌ2

√Ʌ2
2+(𝜔𝑆−𝜔𝑀2 )2
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𝑌𝑠 =
(1 + 2𝛼𝛺𝑠)

(𝛼2 + 1)
± √

(1 + 2𝛼𝛺𝑠)2

(𝛼2 + 1)2
−

4𝛺𝑠
2 + 1

(𝑎2 + 1)
−

 4Ꝣ
1
2

(𝑎2 + 1)√1 + (
𝜔𝑠 − 𝜔𝑚2

Ʌ2
)2)

−
 4Ꝣ

2
2

(𝑎2 + 1)√1 + (
𝜔𝑠 − 𝜔𝑚2

Ʌ2
)2) 

 

Or  

𝑌𝑠 = 𝐶𝑂 ±
√

𝐶𝑂
2 − 𝐶1 −

 4 𝜂1
2

(𝑎2 + 1)√1 + (
𝜔𝑠 − 𝜔𝑚2

Ʌ2
)2)

−
 4𝜂2

2

(𝑎2 + 1)√1 + (
𝜔𝑠 − 𝜔𝑚2

Ʌ2
)2) 

 

Where 

                       𝐶𝑂 =
(1+2𝛼𝛺𝑠)

(𝛼2+1)
 , 𝐶1 =

4𝛺𝑠
2+1

(𝑎2+1)
       ,  𝜂1

2 =
𝜉1

2

𝛾𝑠
2 ,       𝜂2

2 =
𝜉2

2

𝛾𝑠
2 

The foundation for DFOF laser dynamics is the justification for the EFM surface categorization described in the 

preceding section. From this vantage point, understanding EFM devices is crucial even when they are of the saddle 

type, which is not stable. The dynamics of delayed feedback lasers can be significantly controlled by saddle-type 

continuous waves (CW), it has been demonstrated. The most well-known is the finding that the CW saddle of the 

COF lasers plays a significant role in frequent and irregular power outages known as low-frequency fluctuations and 

coherence breakdown. In more detail, saddle CWs are approached along their stable path as the laser power builds 

up, and only then is the trajectory reinjected along an unstable CW direction to an area of low power and the build-

up process. [20]. 

EFMs of DFOF results 

The special case, in which the two filters are identical, aside from having various feedback phases, serves as the 

beginning point for a study of the EFM structure.   Hence, we now set   𝑘1 =𝑘2 and 𝜏1 = 𝜏2. Figure 1 summarizes all 

the pertinent geometric information required to recognize and categorize EFMs. As also indicated, saddle-node 

bifurcations are where the EFMs are formed and lost. Although there is an important difference, this geometrical 

image is extremely similar to that of a single FOF laser. The envelope 𝛺(𝜔𝑆) of the FOF laser is found by considering 

the extremes of the sine function (in Eq. (9), for example,  𝑘2 = 0). It turns out that the fourth-order polynomial whose 

roots are the boundary points of at most two periods (or components) with potential EFMs can accurately describe 

the envelope of a single FOF laser [22]. However, for a DFOF laser, considering the extrema of the two sine functions 

in Eq. (9) is not enough because they exist in the total. 
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Fig.1: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at  𝑘1 =𝑘2=0.25, 𝜏1 = 𝜏2 = 3.8 and 𝜔𝒇𝟏 = 50/𝑝𝑖 ,  𝜔𝒇𝟐 = −2.5/𝑝𝑖  . (b)  in 

( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red curves 

respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined in 

CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane. 

EFMs of DFOF under the influence of changing( 𝜔𝒇𝟏𝒂𝒏𝒅 𝜔𝒇𝟐) 

When the value of 𝜔𝒇𝟏 is changed to 20/pi while fixing the value of 𝜔𝒇𝟐, we notice from Fig.2(a)  that the Lorentz 

profile for the first filter and the second filter converge to each other, and we notice this convergence clearly in Fig. 

2(b) and 2(c). 

In Fig. (3) we fix 𝜔𝒇𝟏 = 50/𝑝𝑖  , and change 𝜔𝒇𝟐 from 𝜔𝒇𝟐 = −2.5/𝑝𝑖  , to 𝜔𝒇𝟐 = −0.01/𝑝𝑖  and 𝜔𝒇𝟐 = 2.5/𝑝𝑖  , We 

note that this figure is completely identical to Fig. (1). 
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Fig.2: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at  𝑘1 =𝑘2=0.25, 𝜏1 = 𝜏2 = 3.8 and 𝜔𝒇𝟏 = 20/𝑝𝑖 ,  𝜔𝒇𝟐 = −2.5/𝑝𝑖  . (b) in 

( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red curves 

respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined in 

CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane.  
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Fig.3: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at  𝑘1 =𝑘2=0.25, 𝜏1 = 𝜏2 = 3.8 and 𝜔𝒇𝟏 = 50/𝑝𝑖 ,  𝜔𝒇𝟐 = −0.01/𝑝𝑖  . (b)  in 

( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red curves 

respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined in 

CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane. 

EFMs of DFOF under the influence of changing (𝝉𝟏𝒂𝒏𝒅 𝝉𝟐) 

When taking a large value for 𝜏1 , 𝜏1 = 7.132, we notice an increase and clarity of the Lorentz profile for the first 

filter, as the width of the region extends from 3.7 to 4.2, as in Fig. 4(a). From Fig. 4(b), we notice that there is a 

distortion at the peak of the pulse for the first filter. 
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The wiggling shape is clear for the first filter compared to the wiggling shape for the second filter, in addition to the 

appearance of two clear saddle –nodes, as in  Fig. 4(c). Fig. 4 shows us that any number of cavities can be found by 

taking large values of 𝜏.  

When the value of 𝜏2 changes from 𝜏2 = 3.8 to 𝜏2 = 8, this change leads to the clarity of the Lorentz profile  for 

the second filter compared to the first filter, and this region extends from 3.3 to 3.7, as in Fig. 5(a). 

From Fig. 5(b), we notice that there is a distortion at the peak of the second filter pulse. This distortion is within a 

period of 0.14. 

Increasing 𝜏2 has a clear and significant effect on Fig. 5(c), where we notice the formation of three large and clear 

saddle nodes on the wiggling shape of the second filter, while the first filter maintains its wiggling shape without any 

saddle nodes. 
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Fig.4: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at  𝑘1 =𝑘2=0.25, 𝜏1 = 7.132, 𝜏2 = 3.8 and 𝜔𝒇𝟏 = 50/𝑝𝑖 ,  𝜔𝒇𝟐 = −2.5/𝑝𝑖  . 

(b)  in ( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red curves 

respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined in 

CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane. 
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Fig.5: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at  𝑘1 =𝑘2=0.25, 𝜏1 = 3.8, 𝜏2 = 8 and 𝜔𝒇𝟏 = 50/𝑝𝑖 ,  𝜔𝒇𝟐 = −2.5/𝑝𝑖  . (b)  

in ( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red curves 

respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined in 

CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane. 

EFMs of DFOF under the influence of changing( 𝒌𝟏 𝒂𝒏𝒅 𝒌𝟐) 

The feedback phase difference is introduced as a regular parameter that controls the feedback strength arising 

from interference between the two filter fields to achieve a non-trivial reduction from the DFOF laser to the single FOF 

laser. When a large value is taken for 𝑘1, such as 0.4, this value has a clear effect, as we notice the clarity and 

largeness of the Lorentz profile for the first filter, as this region extends from 3.7 to 4.3, as shown in Fig. 6(a). 

Fig. 6(b) shows us a clear rise in the pulse of the first filter, with a distortion at its peak, where its height reaches 

0.255. This height is very large compared to the pulse of the second filter, where its height reaches 0.15. We also 

note that the wiggling shape of the first filter is large compared to the second filter, in addition to the appearance of a 

saddle node Large, as shown in Fig. 6(c). 

When the value of 𝑘2  is increased, this increase leads to the Lorentz region of the second filter becoming larger, 

with its vanishing at the edges, where the region extends from 3.1 to 3.9, and this region is much larger than what we 

obtained in the case of the single filter, as shown in Fig. 7(a). Fig. 7(b) shows us a significant increase in the pulse of 

the second filter, as this increase is accompanied by a distortion of the peak of the pulse, and the pulse height reaches 

0.35, while the pulse of the first filter reaches 0.15. The filter width and feedback intensity affect the saddle-node 

behaviour in the wiggly form because they can be increased to produce MMO behavior as seen in Fig. 7(c). 
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Fig.6: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at   𝑘1 = 0.4 , =𝑘2=0.25, 𝜏1 = 3.8, 𝜏2 = 3.8 and 𝜔𝒇𝟏 = 50/𝑝𝑖 ,  𝜔𝒇𝟐 =

−2.5/𝑝𝑖  . (b)  in ( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red 

curves respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined 

in CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane. 
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Fig.7: (a) ( 𝛺𝑆,  𝛺𝑜) plane explained the fixed points on it at  𝑘1 = 0.25 , =𝑘2=0.55, 𝜏1 = 3.8, 𝜏2 = 3.8 and 𝜔𝒇𝟏 = 50/𝑝𝑖 ,  𝜔𝒇𝟐 =

−2.5/𝑝𝑖  . (b)  in ( 𝐶𝑒𝑓𝑓,  𝛺𝑜) plane projected the EFMs branches on it. The first and second filters are represented by blue and red 

curves respectively. With the appearance of the solitary QD-laser frequency is changed, the fixed points are established and ruined 

in CW-state bifurcations. (c) EFMs branches predictably addicted to the (  𝑁𝑆,  𝜔𝑠) plane. 

CONCLUSION  

In our current work, we present a study of the EFM structure of a DFOF laser. The focus of this work is on the 

relationship between the surface EFM and key parameters, such as the two detuning  𝜔𝒇𝟏 and 𝜔𝒇𝟐, the feedback 

strength 𝑘1 and 𝑘2, and the delay time 𝜏1  and𝜏2 of two filters.  We have taken large and small values for each of the 

above parameters. We got the highest pulse peak when we fixed 𝑘1 and changed 𝑘2 from 0.25 to 0.55, since the 
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pulse peak of the second filter reached 0.35 and the filter width and feedback intensity affect the saddle-node behavior 

in the wiggly form because they can be increased to produce MMO behavior. On the EFM surface, we discovered 

that there are regions of stable EFMs that are bordered by saddle-node and Hopf bifurcations. Understanding how 

the stability areas change by adjustments of the numerous system characteristics is a major challenge. 
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