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Abstract

All the graphs considered in this article are simple and undirected. Let G = (V (G),E(G)) be a simple undirected graph.
A function f : V (G) — {1,2}is called Harmonic Mean Cordial if the induced function f* : E(G) — {1,2} defined by
fruw) = [;{Sﬁ;g] satisfies the condition |v;(i) — v()| < 1 and |e(i) — ()| < 1 for any i,j € {1,2}, where
vy(x) and ef(x) denote the number of vertices and number of edges with label x respectively and |x| denotes the
greatest integer less than or equals to x. A graph G is called a harmonic mean cordial graph if it admits harmonic
mean cordial labeling. In this article, we have discussed the harmonic mean cordial labeling of One Chord C,, V G.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G = (V (G),E(G)). For terminology and notation
not defined here we follow Balakrishnan and Ranganathan [1].

In [2] J. Gowri and J. Jayapriya defined Harmonic Mean Cordial labeling of graph G. Let G = (V (G), E(G)) be
a simple undirected Graph. A function f : V (G) — {1,2} is called Harmonic Mean Cordial if the induced
function f*: E(G) — {1,2} defined by f*(uv) = l%] satisfies the condition |v;(i) — vf(j)| < 1 and
les(i) — ef(j)| < 1foranyi,j € {1,2}, where vs(x) and e;(x) denote the number of vertices and number of
edges with label x respectively and |x| denotes the greatest integer less than or equals to x. A graph G is
called a harmonic mean cordial graph if it admits harmonic mean cordial labeling. For the sake of convenience
of the reader we use ‘HMC’ for harmonic mean cordial labeling and ‘Ci1,»-1) for One Chord Cycle Graph. It is
useful to recall some useful definitions of graph theory to make this article self-contained. Motivated by the
interesting results proved in [3, 4, 5] and on Root Cube Mean Cordial Labeling in [6], we have discussed HMC
labeling of Harmonic Mean Cordial labeling of One Chord C,V G.

Definition 1 [7] A Chord of a cycle C,is an edge not in C,whose endpoints lie in Cp.

Definition 2 [1] Let G1= (V4, E1) and G2 = (V2, E2) be two graphs. Then union of G1and Gzis denoted by G1U
G:is the graphs whose vertex set is Vi UV2and edge set is E1 U E2. When G1and Gz are vertex disjoint G1U
Gzis called sum of G1and Gzand it is denoted by G1 + Goz.

Definition 3 [1] Let G1and Gz be two vertex disjoint graphs. Then the join G1vG2 of G1and Gz is the super
graph of G1+Gzin which each vertex of G1is also adjacent to every vertex of Ga.

In Theorem 2.1, we have proved that the complete graph K,V C(1,m-1is not HMC for any n,m =2 and n,m € N.
In Theorem 2.2, we have proved that C1,m-1) V Cy1,n-1)is not HMC for any n,m =22 and n,m € N.

2. MAIN RESULTS

Proposition 2.1.
KnV C1,n-1)is not HMC for n = 2.

Proof:

nn=1 2
Suppose that K, VC1n1)is HMC. Note that, [V (KaV Citnn)| = 2n and |E(KaVCapn) =" 3 T 70 Hn" 41
. Since, |V (KnV C1,n-n)| = 2n and we have assume that K,V C1,n-1)is HMC. We have v{1) = v{2) = n.
Case 1: All the vertices of label 1 and label 2 are in sequence in C,n-1)
Suppose that we have r number of vertices with label 1 in K,. So, we have (n - r) vertices of of label 1 in C(1,p-1).
Hence, we have (n - r) vertices of label 2 in K, and r vertices of label

\_l €
2 in Cumn. Note that, er(l) = (n—r)r + r—('g ) 4 m—r)+nmn—r+1)+nr+1 and
er(2) = w +r(n—r)+(r—1)
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Now,®/ (1) —€5(2) = 5 +r2 45— 3:+ 3. 167 > 3 then as n = 4, we have eq1) - e42) > 1.
fr=1andr=2then ¢/(1) —€r(2) =5 + 5 +1>1 g5 04y - gq2)>1.

Case 2: Some of the vertices of label 2 are not in sequence in C4, n-1)

Suppose that we have r number of vertices with label 1 in K,. So, we have (n - r) vertices of label 1 in C1 pn-1).
Hence, we have (n — r) vertices of label 2 in K, and r vertices of label 2 in C¢1,5-1). Suppose that there exist j
number of vertices with label 2 are not in sequence in Cus-1). Then, we have

er(l) = @ +rin—r)+m+m-—rP+n-—r+j+1) 44

. n—r—1)(n—r
er(2) = (r—j = 1)+ "0 (0= 1) Now, 642) in case 2 < e42) in case 1 and e1) in
case 2 =2 e{1) in case 1. So, ef(1) — ef2) in this case 2 e{1) — e42) in case 1. Now, we have already proved in
case 1thated1) — e{2) > 1.
Case 3: We have n number of vertices with label 1 in K, and n number of vertices W|th label 2 in C(1 n-1)

. _ nn=1) | 2 . . _ n(n— 1)
Then, we have /(1) =57 47% ang of2) = n+1. Then, ¢r(1)—€s(2) = +n*—n—1=
3%—%—1>1213‘1'?“2>n_

Case 4: We have n number of vertices with label 2 in K»,and n number of vertices with label 1 in C4, n-1
> _ n(n=1) , . a2, __n(n-1)
Then we have, e{1) = n?+n+1 and er(2) = =5 Then, er(1)—ep(2) =n*+n+1-"5= =

T 3n
TSt 1> 1. Hence, K,V C1,n-1)is not HMC.

Proposition 2.2.
KnV C(1,m-1is not HMC, where m + n is even and m,n = 2.

Proof:
Note that, |V (KnV Ci,m-1))] = m + n. Suppose that K,V C(,m-1)is Harmonic mean cordial.
_ m+n — ay
Then we have, jvg(1 )l |‘-‘f(2)|,
Case 1: All the vertices W|th label 1 and label 2 are in sequence in C(1,m-1)
m-+n
Suppose that we have r number of vertices with label 1 in K,. So, we have ( 2 ’)vertices with label 1 in

, m—+n _(m—n
Cu.m-1). Hence, we have (n-r) vertices with label 2 in K,and""* — ("5 = 1) =("3" +7) vertices with label
r(r—1 m-—+n m-+n
2 in Cim-1). Then we have, er(l) = (2 )+T""”+(”_T)( st =)+ (Pt —r 1) +r(n— 7) and
n—r)(n—r—1 m—n . m—n e
er(2) = %Jr( n—r) (2524 r)+ (Bt r—1)+1
Then € (1) —es(2) = mr+% —nr+32 42 —3r+1=(r—-n)*3)+5+2+24+r(m-3)—1

Now, n >r. So, e{1) — ef2) > 1.

Case 2: Some of the vertices with label 2 are not in sequence in C(1,m-1)
m—+n

Suppose that we have r number of vertices with label 1 in K,. So, we have ("3 = T Vertices with label 1 in

??’4‘,+7! p — m—n
Cu,m-1). Hence, we have (n - r) vertices with label 2 in K,and m = ( 2 T) - ( 3 T r)vertices with

label 2 in C(1,m-1). Suppose that there exist j

number of vertices from (M + *r) with label 2 are not in sequence in Cum-1). Then we have,
er(l) = T(’" D r(n —r) +rm+ (n — 7)(’”}” —r) + (% —r+J+1)ad

n—r)(n—r—1 m—n m—n -
er(2) = + + (=) 1) + (55 7 =) Now, e{2) in case 2 < e{2) in case 1 and
ed1)incase 2= ef1)in case 1. So, e{1)—eA2) in this case = e{1)-e{2) in case 1. Now, we have already proved
in case 1 that e{1) — e2) > 1.
Case3:m<n
Subcase 3.1: All the vertices in C(1,m-1)are with label 1

Suppose that we have r number of vertices with label 1 in K,. So, we have (n — r) vertices with label 2 in K.
Then we have,‘ff(l) = T(T V4 mn+m+ r(n—r)+1 and( f(2) —(”_r)(g_r_l)
m+n

Then,ef(l) —ep(2) = mn+m+2nr + 5 — 17 =1 — 5 e know that,” = "3
> —e _ dmn . m n? _ m?
Then,('.f(l) (-'.I(Q) =5 T3+ ( 4 ) +1 . We know that n > m. So, e{1) — ed2) > 1.

Subcase 3.2: All the vertices in C(1,m-1)are with label 2

Suppose that we have r number of vertices with label 1 in K,. So, we have (n - r) vertices with label 2 in K.
_r(r—1 (n—r)(n—r

Then we have,ef(l) - T) +rm 4 r(n =) gnger(2) = f) +m(n N+m+1.
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Then €f(1) —ef(2) =m(n—r)+mr—m— % "+ onr +5 =7 =7—=1 \We know that " = “4*

> —e — mn 4 3m? 4 n? ﬁ —
Then,(,f(].) (.f(?) = 3 + 4 + 4 ]. as m > 2 SO ef(1)_ f(2) >1.

Case4:m>n

Subcase 4.1: All the vertices in K, are with label 1

Suppose that we have r number of vertices with label 1 in C(1,m-1). So, we have (m - r) vertices with label 2 in
Citm-1).

Subsubcase 4.1.1: All the vertices with label 2 are in sequence in Ci1,m-1)

, _ n(n—1) - .
Then we have, f"f(l) - 7+ (r 4+ 1) 4 nm and e{2) = m - r. Then, e{1) - ed2) =
n(n—1) o Py o ”
=5+ (r 1)+ nm—m 7 \we know that, nm > m. So, e1) - ef2) > 1.
Subsubcase 4.1.2: Some of the vertices with label 2 are not in sequence in C(1,m-1)
Suppose that we have j number of vertices with label 2 are not in sequence in C1,m-1). Suppose that j number

o o 'n(n 1)

of vertices are not j sequence. Then we have, €y (1) - + nm 41+ j and e{2)=m-r—j+1. Now,
ed2) in subsubcase 4.1.2 < ef2) in subsubcase 4.1.1 and ef1) in subsubcase 4.1.2 = ef1) in subsubcase
4.1.1. So, ef1) — ed2) in this case = e{1) — ed2) in subsubcase 4.1.1. Now, we have already proved in
subsubcase 4.1.1 that e{1) — e42) > 1.
Subcase 4.2: All the vertices in K, are with label 2
Suppose that we have r number of vertices with label 1 in Cy1,m-1). So, we have (m — r) vertices with label 2 in
Ci,m-1)-
Subsubcase 4.2.1: All the vertices with label 2 are in sequence in Ci1,m-1)

_ n(n—1) ) .
Then we have, e{1) = (r+ 1) + nr+1 andéf(2) = =5—= +(m—r—1)+n(m—r) Then,
er(l) —ef(2)=(r+1)+m+1-— M
Then,¢/(1) — €;(2) = ”7 +34+3>1
Subsubcase 4.2.2: Suppose that some of t(he v)ertices with label 2 are not in sequence in C(,m-1)

~ n(n—1 ) Ay

Then we have, e{1) = m + rn and ef(2) = =5= + (m=7r)n+1 Nou, e{2) in subsubcase
4.2.2 < ef2) in subsubcase 4.2.1 and ef1) in subsubcase 4.2.2 = e{1) in subsubcase 4.2.1. So, e{1) — e2) in
this case is = e{1) — e{2) in subsubcase 4.2.1. Now, we have already proved in subsubcase 4.2.1 that ef2) -

ef2) > 1. Hence, ed2) - e{2) > 1 in this case.
Hence, K,V C,m-1)is not HMC, where m + n is even and m,n = 2:

m+4n

mA 7+ 1 —mn+1n weknowthat” = "2 .

Proposition 2.3.
KnV C@,m-1)is not HMC, where m + n is odd and m,n = 2.

Proof:

Note that, |V (K, Vv C(,m-1)| = m + n. Suppose that K, v C¢1,m-1)is HMC.
Case 1: All the vertices with label 1 and label 2 in Crmare in sequence in Cy, m-1)

N oy _ m+4n+1 , _ m—Ht _ m+4n—1

In this case we have two possibilities (1) vp(l) = #5575 gng 0r(2) = 5= v(1) = 5= 4ng
v (2) — m+tntl . .
'f 2 . So, we consider the following cases.

. _ m+n—+1 ) o\ . m4n—1
Subcase 1.1:V7(1) = 7557 anqur(2) = 55—

. . . (m—l—n—i—l _ ’I‘) . .

Suppose that we have r number of vertices with label 1 in K,. So, we have 2 vertices of label 1 in

oy (MmAnt+l N __m—n—1 .
Cu,m-1)- Hence, we have (n-r) vertices with label 2 in K,and m ( 2 r) *( 2 T ) vertices with

r(r—1 m—+n . . e AN T
label 2 in C(1,m-1). Then we have, er(1) = % trntr(n =) 5 b L (n—r (B )+
and(ff(z) _ ('r?f?")(gfrfl)‘_l_(n_,r)(-m,—zn—'l +])+ m—-zn,—l_l_r_l.

Then €7 (1) —ef(2) = % + 24 —dr+4>lasn>r

Subcase 1.2:7(1) = %H ands(2) = %ﬂﬂ

Suppose that we have r number of vertices with label 1 in K. So, we have ("3=1 —7) vertices of label 1 in
Cu.m-1). Hence, we have (n-r) vertices with label 2 in K,and’"* — (% —r) —(% +7) vertices with
label 2 in Citm-1). Then we have, er(1) = T(TT_I) +rm+r(n—r)+

m+n 1 414 (,” )(m+51—1 —'T‘) and fff(?) _ (ﬂ—r)(;?—r—l) + (n_,r_)(.m—;-%—l +f) + .m—2n+l +f
Then 6/ (1) —€5(2) = r? + % +45+mr—2r—nr>lasn>2
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Case 2: Some of the vertices with label 2 are not in sequence in C(1,m-1)

. _ m+n+l o _ m+n—1
Subcase 2.1: Suppose thatl’f(l) = 2  and’s (2) - 2
. . . (m—}—n—}—l r )
Suppose that we have r number of vertices with label 1 in K,. So, we have 2 vertlces of label 1 in
n—

gm— (P — ) (=

Cu.m-1). Hence, we have (n-r) vertices with label 2 in K,an 2 L ) vertices with
m—n—I1

label 2 in C¢1.m-1). Suppose that there exist j number of vertices from( 7 tr )with label 2 are not in

) — ?"('r—l)
sequence in C(1m-1). Then we have, €/ (1) = +rm +
=)+ (L D0 ) ¢ (0= (R 1) gy es(2) = (2 —r = — 1) +
(n— T)ﬂ r—1) m—n—1
T (=157 1) Now, e2) in subcase 2.1 < eq2) in subcase 1.1 and ef1)
subcase 2.1 2 e(1)in subcase 1.1. So, ed1) — ed2) in this case = e{1) — e{2) in subcase 1.1. Now, we have

already proved in subcase 1.1 that e{1) — e2) > 1.

) — —1 i 1

Subcase 2.2:1’f(1) - m+§ andvf(g) - m+§+
m+n—1

Suppose that we have r number of vertices with label 1 in K,. So, we have ( 2 7’) vertices of label 1 in
m— (.m+n,—] o ’f') _( 171—11+l + T') . .
d’* 2 vertices with

m—n-+

label 2 in Ci1.m-1). Suppose that there exist j number of vertices from( 2 t + r)with label 2 are not in

- _rir=1)
sequence in Ctt,m-1). Then we have, ef(l) = == +rm+
T'('IL _ T') + (% —r+ j + 1) + (” . _T,)(Jrl+£l,—1 . ,’.) and (JJ(Q) _ (m—;c—l—l +r— )' . 1) +

n—r)(n—r—1 m—n+1 .

% +(n—r)("5 4 7)), Now, e2) in subcase 2.2 < e{2) in subcase 1.2. and e{1)

subcase 2.2 2 ef1) in subcase 1.2. So, e{1) — eA2) in this case = ef1) — e42) in subcase 2.1. Now, we have
already proved in subcase 2.1 that e{1) — e{2) > 1.

Case3:m<n

Subcase 3.1: All the vertices in C(1,m-1)are with label 1 and some vertices with label 1 are in K,
Suppose that there exist r number of vertices with label 1 in K. So, there exists (n - r) vertices with label 2 in
Ks,. Suppose that we have m number of vertices with label 1 in Cyim1). Then we have,

er(l) = @ +7r(n— )ern +m+ 1 ,4er(2) = 7(" n)(n—r=1) _Then, eq1) - eA2) =

- . ]
mn+m+2nr+1+5 —r— r? — =

Cu,m-1). Hence, we have (n-r) vertices with label 2 in K,an

In this case we have two possibilities
(i) m 4 r = "2
- e mtn—1
(ily m +r = =5—
So, we consider the following cases.
.m + = mintl

Subsubcase 3.1.1: 2

. 1 _ 3 2 2 ne
r="0 hen, €f(1) —ep(2) ="+ 2m— )+ (7 — )+ 3 > Lasm < gy

Therefqre,
2m > §1 asm > 2_
, . m4n—1
Subsubcase 3.1.2:"" +r= 2
Thenrefore,” = nom-l Then€r(1) —es(2) = (" —5) +m+ (& —m)+i>Tlasn>m

Subcase 3.2: All the vertices in C(1,m-1)are with label 2 and some vertices with Iabel 2arein Kn
Suppose that there exist r numbers of vertices with label 1 in K. So, there exists (n — r) vertices with label 2 in
Kn,. Suppose that we have m number of vertices with label 2 in Cum-1. Then we have,

er(l) = T(T—Q_]) +r(n—r)+1rm ande(Q) = (”_r)(;& +m(n —71) +m 1hen
er(1) —ep(2) = 2mr —mn — + 2nr+ 45 —r*—r—m
o mtntl
Subsubcase 3.2.1: " T 2
Then.€r(1) —ep(2) = 22= + (28 — ) + (% S+2>lasm,n>2
, _ m+4n—1
Subsubcase 3.2.2: " = 7 2

Then,fﬁj‘(l) —ef(2) = % + 5 —2m + % -+ % -5 = (% - %) +-’m.(3',—£” +5—=2)+ ﬁ > 14 mn
22
Case 4: m > n and all the vertices with label 2 are in sequence in C(1,m-1

Subcase 4.1: All the vertices in K, are with label 1 and some vertices with label 1 are in C(1,m-1)
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Suppose that there exist r number of vertices with label 1 in C1,m-1). So, there exists (m — r) vertices with label
2 in C¢1,m-1). Suppose that we have n number of vertlces with label 1 in K.

o ) ) (n— 1)
Then we have, ¢r(1) = mn + (r + 1) + n=5= and o(2) = m - r. Then, of1) - e(2) =
(mn—m)+2r+ (% —2)+1>lasmn >m 4% > 3. where, m.n = 2.

Subcase 4.2: All the vertices in Knare with label 2 and some vertices with label 2 are in C(1,m-1)
Suppose that there exist r number of vertices with label 1 in Ci1 m-1). So, there exists (m — r) vertices with label
2 in Cy,m-1). Suppose that we have n number of vertices with label 2 in K.

o r,(u 1) ‘
Then we have, e{1) =rm + (r + 1) + 1 andef(Q) - + n(m o ?“) + (m -r- 1). Then,
er(l) —ep(2) = 2r + 2nr — % + 5 —mn—m+3
o + +1
Subsubcase 4.2.1: 7 = "3

Thon€s0) —€5(2) = % + % 441
m+n 1
Subsubcase 4.2.2: " = T 3

Then,ef(1) —€s(2) = % ty+2>1
Case 5: m > n and some of the vertices with label 2 are not in sequence in C(,m-1)
Subcase 5.1:All the vertices in Knare with label 1 and some vertices with label 1 are in C(1,m-1)

Suppose that there exist r number of vertices with label 1 in Ci1,m-1). So, there exists (m - r) vertices with label
2 in Ci1,m-1). Suppose that we have n number of vertices with label 1 |n K,. Suppose that we have j number of

_ n(n— ])
vertices with label 2 are not in sequence in C¢,m-1). Then, es(1) = +mn+(r+j+1) and ef2) =

- r—j. Now, e{2) in subcase 5.1 < e{2) in

subcase 4.1 and e{1) in subsubcase 5.1 = e{1) in subsubcase 4.1. So, e{1)—ef?2) in this case is = e{1)—eA2)
in subcase 4.1. Now, we have already proved in subcase 4.1 that e{1)-e{2) > 1. Hence, e{1) — ed2) > 1 in
this case.

Subcase 5.2: All the vertices in Knare with label 2 and some vertices with label 2 are in C(1,m-1)
Suppose that there exist r number of vertices with label 1 in Ci1,m-1). So, there exists (m - r) vertices with label
2 in Cu1,m-1). Suppose that we have n number of vertices with label 2 in K,. Suppose that we have j number of
vertices with label 2 are not in sequence in Cum1). Then e{1) = nr + (r + j + 1) and

er(2) = @ Fmn4m—nr—7r =] Now, e(2) in subcase 5.2

< ef2) in subcase 4.2 and ef1) in subsubcase 5.2 = e{1) in subsubcase 4.2. So, e{1) — e42) in this case is 2
ed{1) — ed2) in subcase 4.2. Now, we have alredy proved in subcase 4.2 that e{1) — e{2) > 1. Hence, e{1) -
ed2) > 1 in this case.

Hence, K,V C¢,m-1)is not HMC, where m + n is odd and m,n = 2.

Theorem 2.1. K,V C(,m-1)is not HMC, where m,n= 2, m,n € N.

Proof:

Proof follows from Propositions 2.1, 2.2 and 2.3.

Proposition 2.4.
C,m-1 V Ci1,n-1y is not HMC, where m = nand m = 2.

Proof:

Suppose that Ci1 m-1) V Ci1,n-1) is HMC for m = n. Note that, |V (C¢1,m-1) V C1.n-1))| = 2n and |E(C¢1.m-1)V C1,n-1))|
=n+m+nm+2=2+2n+n?asn=m.Since, |V (Ctm1)V Cit,m1)| = m+n =2n as n=m . We have assume
that C1,m-1) VC1,n-1)is HMC for n = m. We have v{1) = v{2) = n

Case 1: All the vertices of label 1 are in sequence in Ci1,m-1yand C1,n-1)

Then, it is clear that all the vertices of label 2 are in sequence in Cu m-1)and C n-1). Suppose that we have r
number of vertices with label 1 in Ci1,m-1). So, we have (n - r) vertices of of label 1 in Cq1,,-1). Hence, we have
(m = r) vertices of label 2 in C¢1,m-1)and r vertices of label 2 in C(1,-1). Note that, e{1) = (r+ 1)+ (n—-r+1)+m
+(n-nn+1anded2)=(n-r-1)+(r=-1)+rn-r)+1.Then, e{1) — ed2) =2n + 2 + r + n? - r2. We know
that, n >r. So, e{1) — ed2) > 1.

Case 2: Some of the vertices of label 2 are not in sequence in C(1,m-1)and C1,n-1)

Suppose that we have r number of vertices with label 1 in C¢1,m-1). So, we have (n — r) vertices of label 1 in
C.0-1). Hence, we have (m - r) vertices of label 2 in C¢ m-1)and rvertlces of label 2 in C(1,,-1). Suppose that
there exist i number of vertices with label 2 are not in sequence in C¢1,m-1)and j number of vertices with label 2
are not in sequence in Cun-1). Note that, ef{1) = (r+it1)+(n—-r+j+1)+rn+(n-rm+1 and ed2) =
(n—r—i-1)+(r—j=1)+r(n—-r)*1. Now, e{2) in case 2 < e{2) in case 1 and e{1) in case 2 = e{1) in case 1. So, e{1)
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- ef2) in this case is = e{1) — e{2) We have already proved in case 1 that e{1) — e{2) > 1. Hence, e{1) — e42)
> 1 in this case.

Case 3: We have m number of vertices with label 1 in C1,m-1)and n number of vertices with label 2 in
C1,n-1)

Note that, e{1) = mn+m+1 and e{2) = n+1. Then, e{1)-e{2) = mn+m+1-1-n=mn>1asn=m.

Case 4: We have m number of vertices with label 2 in C1,m-1)and n number of vertices with label 1 in
C1,n-1)

Note that, e{1) = mn+n+1 and e{2) = m+1. Then, e{1)-e{2) = mn+n+1-m-1=mn >1 as n=m. Hence, C¢ m-1)
Vv C¢,n-1yis not HMC, where m=nand m = 2.

Proposition 2.5.
Ci.m-1V C¢ n-1yis not HMC, where m + n is even and m,n 2 2.

Proof:

Note that, |V (Cy m-1)

\'
lop(D)] = =5% = [vr(2)]

Case 1: All the vertices of label 1 and 2 are in sequence in C1,n-1yand C1,m-1)
Suppose that we have r number of vertices with label 1 in Cq1,,-1). So, we have (n - r) vertices of of label 2 in

n+m .. . . ) . _ ntm .
C(.n-1). Hence, we have™ 2 "'vertices of label 1 inC(1.m—1) and m 5 7

vertices of label 2 in Cit.m-1). Note that,£7(1) = (r+1)+ (M2 —r+1)+rm+ ("2 —r)(n—r)+1

andr(2)=n—r=1)+(m—-"524+r—1)+(n—7r)(m—"524r)+1 Then, eq1)-6{2) = mr + 4 +
e m4tn
n2- 3nr+ 2r2. We know that’ = ~ 2, So, we have ef1) - ef2) > 1.

Case 2: Some of the vertices of label 2 are not in sequence in C1,n-1)and C4,n-1)

nt+m

Suppose that we have r number of vertices with label 1 in C1,,-1). So, we have 2~ "vertices of label 1 in

Cu,m-1). Hence, we have (n - r) vertices of label 2 in C(1,,-1)and 2

vertices of label 2 in C1,m-1). Suppose that there exist i number of vertices with label 2 are not in sequence in
Cun-1y and j number of vertices with label 2 are not in sequence in Cim1). Note that,
ef(l) =@ +i+ 1)+ —r+j+1) +rm+(n—7)("F" —71) + 2 504 e2) =

(n—r—i=1)+(m—="5"+r—j=1)+n—=7)(m—="5"4+7) Now e(2)in case 2 < e{2)

in case 1 and e{1) in case 2 2 ef1) in case 1. So, ed1) — ef2) in this case is = e{1) — e42) in case 1. Now, we
have already proved in case 1 that e{1) — e{2) > 1. Hence, in this case e{1) — e{2) > 1.

Case3:m>n

Subcase 3.1: All the vertices in C1,n-1)are with label 1

So, we have n number of vertices with label 1 in C1 »-1). Suppose that we have r number of vertices with label
1in Cq,m-1). So, there exist m — r number of vertices with label 2 in C¢1 m-1).

Subsubcase 3.1.1:All the vertices in C1,m-1)are in sequence

Then, ef{1) = (n+1)+(r+1)+mn and e{2) = m-r. Then, e{1)-e{2) = mn-m+n+2 >1 as mn > m,n.

Subsubcase 3.1.2: All the vertices with label 2 are not in sequence in C(1,m-1)

Suppose that we have i number of vertices from (m — r) number of vertices are not in sequence in C1 m-1).
Then, ed{1)=n+ (r+i+1)+mn+2anded2) =m-r—-i- 1. Now, e{2) in subsubcase 3.1.2 < e{2) in
subsubcase 3.1.1 and e{1) in subsubcase 3.1.2 = e{1) in subsubcase 3.1.1. So, e{1) — ed2) in this case =
ed{1) — ed2) in subsubcase 3.1.1. Now, we have already proved in subsubcase 3.1.1 that e{1) — e{2) > 1.
Hence, e{1) — e{2) > 1 in this case.

Subcase 3.2: All the vertices in C,n-1)are with label 2

So, we have n number of vertices with label 2 in C1 »,-1). Suppose that we have r number of vertices with label
1in Cq,m-1). So, there exist m — r number of vertices with label 2 in C¢1 m-1).

Subsubcase 3.2.1: All the vertices in C,n-1)are in sequence

Then,e{1)=r+2+mande{2)=n+m-r.Then,ed1)-ed2)=m+2r+2-n-m.
n+m

We know that " = ~ 2 . So, e{1) - ef2) > 1.

Subsubcase 3.2.2: All the vertices in C(,n-1)are not in sequence

Suppose that we have i number of vertices from (n — r) number of vertices are not in sequence in C¢1 m-1). Then,
ed1)=r+i+1+m+2anded2)=m-r—-i—-2+n+n(m-r). Now, e{2) in subsubcase 3.2.2 < e{2) in
subsubcase 3.2.1 and ef1) in subsubcase 3.2.2 = e{1) in subsubcase 3.2.1. so, e{1)-e42) in this case =
ed1)—ef2) in subsubcase 3.2.1. Now, we have already proved in subsubcase 3.2.1 that e{1) — e{2) > 1. Hence,
ef1) — ed2) > 1 in this case.

Hence, C(,m-1)V C(1,n-1)is not HMC, where n + m is even and m,n = 2.

Can-1) = n + m. Suppose that Cum-1) V Caun-1) is HMC. Since we have
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Proposition 2.6.
Ci.m-1V Cq,n-1yis not HMC, where m + n is odd and m,n = 2.

Proof:

Note that, |V (C¢1.m-1)V Ci.n-1))| = n+m = 2k+1 where k € N. Suppose that C¢1.m-1)V C1,0-1) is HMC. Without loss
of generality, we may assume that m > n.
1 —1(: Ny (1) -1
_ m+1n+ Uf(Q) — 771+;z (H)tf(l) _ m+4n

In this case we have two possibilities. (D)vp(1) = =55 gpg 2 and
Uf(2) — m+£a+l

So, we consider the following cases.

case 1:Vr(1) = % =k +1angvr(2) = % =k

Subcase 1.1: All the vertices of label 1 are in sequence in C1,n-1yand C1,m-1)

Then, it is clear that all the vertices of label 2 are in sequence in C,n-1)and Cu,m-1). Suppose that we have r
number of vertices with label 1 in Cq1 ,-1). So, we have (n — r) vertices of of label

2 in Cu,n-1). Hence, we have (k + 1 —r) vertices of label 1 in C,m-1yand (k— n + r) vertices of label 2 in C1,m-1).
Note that, ef(1) =(r+1)+(k+2-r+m+k+1-nNn-n+1ande{2)=(n-r-1)+(k—-n+r—-1)+(n-
Nk-n+r)+1.Then,ed1)—ed2)=(n—=r2+5+m+n-r(1-=r)=(n-r(n+1-=2r)+ rm+ 5. Now, e{1) —

(n+1

- » . mintl (n+r) .
e2)>1ifn+122r.1fn+1<2r,then™ 2 <7 Now,’ + k= % > 3 +k'.Therefore,m>k.
Ti+1 y
Suppose that’ = S0 +l . Then, f’f(l) - €f(2) =20+ 21 + % +Ilm—+5> 1.

Subcase 1.2: Some of the vertices of label 2 are not in sequence in C1,n-1)and C1,m-1)

Suppose that we have r number of vertices with label 1 in C1,-1). So, we have (n — r) vertices of label 2 in
Cq,n-1). Hence, we have (k — r) vertices of label 1 in Ci1m-1yand (k + 1 — n + r) vertices of label 2 in C1,m-1).
Suppose that there exist / number of vertices with label 2 are not in sequence in C(1,,-1)and j number of vertices
with label 2 are not in sequence in C¢,m-1). Note that, e{1) = (r+ 1+ 1)+ (k—r+j+2)+rm+(n—-r)(k+1-r)
+2anded2)=(n—r—-1-1)+(k—n+r—j—1)+ (n—r)(k—n+r). Now, e{2) in subcase 1.2 < e{2) in subcase
1.1 and ef1) in subcase 1.2 = e{1) in subcase 1.1. So, e{1) — eA2) in this case is = e{1)—e{2) in subcase 1.1.
Now, we have already proved in subcase 1.1 that e{1)—ef2) > 1.

Hence, e{1) — e{2) > 1 in this case .

case 2:0(1) = 5= = kgnquy(2) = 5= =k + 1

Subcase 2.1: All the vertices of label 1 are in sequence in C1,n-1)and C1,m-1)

Then, it is clear that all the vertices of label 2 are in sequence in C,-1)and Cu m-1). Suppose that we have r
number of vertices with label 1 in Cq1,,-1). So, we have (n — r) vertices of label

2in Cq,n-1). Hence, we have (k + 1 —r) vertices of label 1 in Cx m-1yand (k— n + r) vertices of label 2 in Ci1,m-1).
Note that, e1) = (r+ 1)+ (k+1-nN+rm+(k-r)(n-r+1anded2)=(n—-r—-1)+(k—n+nN+(n-r(k-n
+r+1)+1.Then,ed1)—ed2)=(n—-rP2+3+rm+(r—=n)(1+r=(n-r)(n—1-2r)+ rm+ 3. Now, e{1) — ed2)
>1

. M<7, T+k:m+nl>(nf’)+k
ifn=1+2r.1fn<1+2r,then 2 . Now, 2 : .Therefore, m > k. Suppose
that’ = (n . J“r Then,¢r(1) —¢;(2) = (%" = 5) +3+1lm—n—1)>1 4 5 4 q. Suppose
thatms=n+ 1. Then since, m = n, we have m = n + 1. So, we have

er(1) —ef(2) = (2 — m) +3+1m—n—1)= (”’2” -2 +3>1

Subcase 2.2: Some of the vertices of label 2 are not in sequence in C1,n-1)and C1,m-1)

Suppose that we have r number of vertices with label 1 in C1,-1). So, we have (n — r) vertices of label 2 in
C.0-1). Hence, we have (k — r) vertices of label 1 in Ci1m-1yand (k + 1 — n + r) vertices of label 2 in C¢,m-1).
Suppose that there exist / number of vertices with label 2 are not in sequence in C(1,,-1)and j number of vertices
with label 2 are not in sequence in C¢ m-1).

Note that, ed1)=(r+ 1+ 1)+ (k—r+j+1)+rm+(n—r)(k—-r)+2anded2)=(n—r—-1-1)+(k—n+r—j)+
(n=r)(k—n+r+1). Now, ed{2) in subcase 2.2 < e{2) in subcase 2.1 and ef1) in subcase 2.2 = e{1) in subcase
2.1. So, ef1) — ed2) in this case is = e{1)—ef2) in subcase 2.1. Now, we have already proved in subcase 2.1
that e{1)—e2) > 1. Hence, ed{1) — e{2) > 1 in this case.

Case3: m>n

Subcase 3.1: All the vertices in C(1,n-1)are with label 1

So, we have n number of vertices with label 1 in C1 »-1). Suppose that we have r number of vertices with label
1in Cy,m-1). S0, there exist m — r number of vertices with label 2 in C(1,m-1).

Subsubcase 3.1.1: All the vertices in C(1,m-1)are in sequence
Then,e{1)=n+(r+1)+mn+m+1anded{2)=m—r.Then,ed1)—ed2)=(mn—-m)+n+2r+m+2>1as
mn >m.

Subsubcase 3.1.2: All the vertices with label 2 are not in sequence in C1,m-1)

Suppose that we have | number of vertices from (m — r) number of vertices are not in sequence in C1,m-1).
Then, e{1)=n+ (r+ 1+ 1)+ mn+2and e{2) =m—r—1-1. Now, e{2) in subsubcase 3.1.2 < e{2) in
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subsubcase 3.1.1 and e{1) in subsubcase 3.1.2 = e{1) in subsubcase 3.1.1. So, e{1)—-ef2) in this case is =
ef1)—ef2) in subsubcase 3.1.1. Now, we have already proved in subsubcase 3.1.1 that e{1) — e{2) > 1. Hence,
ef1) — ed2) > 1 in this case.

Subcase 3.2: All the vertices in C,n-1)are with label 2

So, we have n number of vertices with label 2 in C¢1,,-1). Suppose that we have r number of vertices with label
1in Cy.m-1). So, there exist m — r number of vertices with label 2 in C(1,m-1).

Subsubcase 3.2.1: All the vertices in C,»-1)are in sequence
Then,ed{1)=r+2+mande{2)=n+m-—r.Then,ed{1)—ed2)=nr—n—-m+2r+ 2.

In this case we have two possibilities. ,

(i) Suppose that " = il sotr(1) —es2) =" + 5 +5+3>1

(ii) Suppose that” = mp=t socr() —ef(2) ="+ (%5 —5)+3>1

Subsubcase 3.2.2: All the vertices in C(1,n-1)are not in sequence

Suppose that we have I number of vertices from (n — r) number of vertices are not in sequence in C¢1 m-1). Then,
ed1)=r+1/+3+manded{2)=m—-r—1-1+n+n(m-r). Now, e{2) in subsubcase 3.2.2 < e{2) in subsubcase
3.2.1 and ef1) in subsubcase 3.2.2 = ef1) in subsubcase 3.2.1. So, e{1) — e{2) in this case is = e{1) — ef2)

in subsubcase 3.2.1. Now, we have already proved in subsubcase 3.2.1 that e{1) — e{2) > 1. Hence, ef1) —
ed2) > 1 in this case. Hence, C¢1,m-1)V Cq,n-1)is not HMC, where n + mis odd and m,n = 2.

Theorem 2.2. C(1. m-1)V C¢.n-1)is not HMC, where nnm € N, m,n = 2.
Proof:

Proof follows from propositions 2.4, 2.5 and 2.6.

3. CONCLUSION

In this article, we have discussed Harmonic mean cordial labeling of K,V C(1, m-nnand Cq,m-1)V C n-1) for any
n,m=2andnme€ N.
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