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1. INTRODUCTION AND PRELIMINARIES

Let F; and F, be two self-maps on a metric space (W, k). If there exists a point ¢ € W such that F;¢ = F,¢ = ¢then¢
is common fixed point (denoted as c.f.p) of F; and F, . The analysis of c.f.p for contraction has been at the center of
vital research activity. In 1982, Sessa [17] was first who interpreted weakly commuting maps and established some
c.f.p results for a couple of maps. Afterwards in 1988, Jungck [8] generalized the concept of commuting maps to
compatible maps and later to weakly compatible maps [9]. Many authors then investigated unique c.f.p by using the
concept of weakly compatible maps. Our result generalize well-known comparable results in the literature, see [15,
10, 11]. Now, several definitions and results that will be utilized in the sequal are discussed here. One may refer,
Aliprantis and Border [1] for definitions and results regarding the Riesz space, and Cevik and Altun [2] for vector
metric space. A partially ordered set is a lattice if every couple of elements has both supremum and infimum. A Riesz
space Q is a partially ordered vector space which is also a lattice under its ordering. Let {9, } be a decreasing sequence

in Q such that inf9,, =9, then we write 9,, 1 9. If foreach 9 € Q, = {c € Q : 0 < ¢}and n € N we have %19 1 0, then
Riesz space Q is called Archimedean.

Lemma 1.1. [2] Let Q be a Riesz space and ¥ < ad, VI € Q,also0< a < 1,thend =0.

Definition 1.2. [2] Let W be any non-empty set and Q be a Riesz space. Then the mapping
Kk: W XW — Q is vector metric if it possesses the properties listed below:

@k®Ww) =09 =w

(b) kK, w) = k(w,9)

) k@, w) X k@) + k(h,w), Vn,9,w € W

Then (W, k, Q) is called vector metric space (denoted as v.m.s).

Example 1.3. [2] LetQ = R?andamapk: R X R — Q defined as:
K@, w) = (0|9 — w|,0,]9 — w])
where 0 <o0; + 0, and 0 < o4,0,. Then the triplet (R, x, Q) is v.m.s.

Definition 1.4. [2] A sequence {¢,,,} inav.m.s (W, k, Q) is called vectorial convergent (Q-convergent) to some¢ € W,
. Q . . .
written as ¢, = ¢, if there exists a sequence b,, in Q such that b,, | 0 as well as x(¢,,,§) < b, Vm.
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Definition 1.5. [2] A sequence {¢,,}in av.m.s. (W,k, Q) is called @Q-Cauchy if we get a sequence b,, in Q satisfying
by, 1 0aswell as k(§p, Smip ) = by ¥V m,p.

Definition 1.6. [2] Av.m.s (W, k, Q) is said to be Q-complete if every Q-Cauchy sequence in W is
Q-convergent to a limitin W.
The following definition was given by Branciari [4].

Definition 1.7. [4] Let W be any non-empty set and the mapping k : W x W — R s.t. for all¥,w € W and for all
distinct n,¢ € W s.t.n,¢ & {9, w}is called rectangular metric if it possesses the properties listed below:

@x@W,w) =09 =w

(b) k¥, w) = k(w,9)

© k@ w) < k@n) + kM) + k(5 w).

Then the pair (W, k) is called rectangular metric space (r.m.s).

An example of r.m.s that isn’t a metric space is provided below.
Example 1.8. [4]LetW = R,0 < t € Wanddefinex: W xW - Rs.t. foralld,w € W, k(®,w) =k(w,9) and

3t if9,w € {1,2}and 9 # w,
k(¥,w) =130 ifY = w,
t if9,w & {1,2} and 9 # w.

The topology of r.m.s need not be Hausdorff, neither the respective space is continuous. However, Sarma et al. [16]
presented several possible properties of r.m.s by the following example:

Example 1.9.[16] LetA = {0,2}, B = {=: n € N}, W = A U B. Define mappingk: W x W — R* as follows:

ERE

if 9 = w,

if9 # wand {¥,w} € Aor{9,w} S B,
if 9 € A,w € B,

if 9 € Bw € A

k(9, w)

& R o

Clearly, (W, k) is complete r.m.s. However, it was shown by Sarma et al. [16] that:
(@) Inr.m.s (W, k), there is a convergent sequence that is not Cauchy ;
(b) Inr.m.s (W, k), there is a sequence which converging to two distinct points;
(c) The intersection of two open balls with positive radius r, center at 0 and 2 is always

nonempty;

. 1 . 11 1

(@ Jim * but tim (2,5) = (0.3),
hence k is not continuous function.
Inspired by the work of Branciari [4], we define the Riesz valued rectangular metric space as follows:

Definition 1.10. Let W be any non-empty set and Q be a Riesz space. A vector valued rectangular metric is a mapping
Kk: WxW - Q ifforall¥,w € W and for all distinct n,¢ € W s.t. n,¢ € {9, w}, it satisfies the following properties:
@k®Ww) =09 =w

(b) k¥, w) = k(w,9)

© k@ w) =2 k@ n) + kM) + k(5 w).

And the triplet (W, k, Q) is vector valued r.m.s.

Next, we provide an example of vactor valued r.m.s that is not a v.m.s.
Example 1.11.[12] LetQ = R?, W = {0,1,2,3}anddefinex: W x W - Qs.t.foralld,w € W, k(®, w) = k(w,9)
and

0,00 iIfd=w,

kW, w) =< (3,3) ifd,we{23}andI # w,
(1,1) ifY,we {2,3}and I # w.
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Lemma 1.12. Let (W,k, Q) be a vector valued r.m.s and {J,,,} be any subsequence of a Q-Cauchy sequence {9,,}

: Q . . . Q
in W such that 9,,, “% 9. Then entire Q-Cauchy sequence {9,,} is convergenti.e. 9,, gy
Proof. Since 9, is Q-cauchy sequence, then there exist sequence {a,,} in Q s.t. a,, { 0 and for all m and p, we have

K(ﬁm: l9m+p) < Qp. (1)
Q . . .
Also 9,,, = 9, then there exist {b,,,} in Q with b,,, 1 0 such that
K(ﬁZm: 19) = me- (2)

Now if m > p, we have

K(Om+p Omap+m—p)
ppip 4 0. )

K(ﬁm+p']92m) = K(ﬁm+p'ﬁm+m)

IA I

And if p > m, we have

K(ﬁm+p']92m) = K(ﬁm+m'ﬁm+p) = K(ﬁm+m'19m+m+p—m)
< Apim 1 0. (4)
For all m # p, we get
KO, 9) =X KO, Omap) + KOmaps 92m) + K(I2m, 9) (by rectangular inequality)

< {am *+ bym + KOmip,92m)} L 0 (using (1), (2), (3) and (4)).

Q
Hence 9,, = 9.

Likewise we can also prove that if {9,,,41} subsequence of a Q-Cauchy sequence is Q-convergent then entire Q-
Cauchy sequence is conergent.

We observed with the help of an example 1.9., that a sequence in a r.m.s may converge to two distinct points.
Nevertheless, there is an exceptional case in which this is not possible and this will be quite beneficial for some
proofs. We generalize the following lemma of Arshad et al. [3] on vector valued r.m.s.

Lemma 1.13. Let (W, k, Q) be a vector valued r.m.s and {9,,} be a Q-Cauchy sequence in W such that 9,, # 9,
whenever m # n. Then {9,,} can Q-converge to atmost one point.
Proof. Let {9,,} be a Q-Cauchy sequence in W, then there exists a,, in Q@ such that a,, | 0 and
K(ﬁmiﬁmﬂo) = A (5)
for all m and p. Suppose {9,,} is Q-converge on two distinct points v* and v, i.e. 9, =8 9", I = 9, so there exists
sequences b,, and c¢,, in Q such that b,, | 0, ¢, | 0 and
K(Om,9%) 2 by, KOm9) 2 cp. (6)
Form # p, we have
k(@",9) = k", 9m) + K(OmImip) + K(Om4p, ) (DY rectangular inequality)
< by + ayy + cpyp (using (5) and (6))
< a, + by + cp ( Cmip = cm).
Implise k(¥*,9) = 0, i.e. 9* = 9. A contradiction, hence {9,,} can Q-converge to atmost one point.

Definition 1.14. [11] Let F,,F, :W - W. If ;9 = F,9 = ¢ where 9 € W, then ¢ is called a point of coincidence of
F, & F,, and 9 is called a coincidence point of F; & F,.

Definition 1.15. [9] Two self-maps F, and F, on W are called weakly compatible (WC) if for some
19 € W, F119 = F219, ImplIeS F1F219 = F2F119.

2. Main Results

Theorem 2.1. Let (W, k, Q) be a vector valued r.m.s with Q-Archimedean. Suppose the self-maps F;, F,, F; & F, on W
satisfy the following conditions:
(i) forall¢,9 e W,and y € [0,1)

k(Fi, F29) < yHg,ﬂ(Fl' Ey, F3, F4)}

k(F36, F09) < yHg,ﬂ(Fl' Fy, F3, Fy)
where H, g (Fy, Fy, F5, Fy) € {k(F56, F,9), k(Fy6, F56), k(Fy9, F,9), k(Fy6, F49)}
(i) F(W) € F,(W)and F,(W) € F;(W).
(iii) £, (W), F,(W), F3(W) or F,(W) is Q-complete subspace of .
Then the pairs {F,, F;} and {F,, F,} have unique point of coincidence. Moreover, if the pairs {F,, F;} and {F,, F,} are WC
then F,, F,, F; & F, have c.f.p which is unique.
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Proof. Letany ¢, € W. Since F,(W) € F,(W) and F,(W) < F;(W), we can choose ¢; € W such that F ¢, = F,¢;, ¢, €
W such that F,¢; = F;¢,. Continuing this process, for all m = 0 construct a sequence {9,,}, which is defined as:

Yom-1 = FaSoam—1 = Fi§am—2 @Nd 95y = F5¢5m = Fo¢om—1- (8)

Firstly, we prove that
K(O2m+1 92me2) = YEO2m) Oomas1)-
We have
K(O2ms1, O2maz) = K(F1G2m, F2Game1) = Vngm,gzmH(Fl,Fz,Fs,F4):
where
He, o crmen (F1, Fy, F3, Fy) € {K(F362m, FiSame1)s K(F1S2m, F3Sam), K(F2S2ma 1) FaSam+1)
K (F1S2m» FaSam+1)}
= {K(92m> 92m+1)s KO2m+1, 92m)s K(O2m42) O2m+1)
K (O2m+1, O2m+1)}
= {kO2m» 92m+1), K(2m+2) 92m+1), 0}
The possible three cases are:

(l) If chm,gzm.,.l(Fl' FZ'F3'F4) = K(ﬁZm'ﬁ2m+1)1 then
i K(O2m+1 V2me2) = YEO2m, O2me1)-
(”) If HszrC2m+1 (FI' Fz, F3, F4_) = K(192m+2, 192m+1), thUS, we have

_ _ K(O2m+1, V2ms2) = 0.
(i) f He,, o, . (F1, F5, F3, F,) = 0, implies k(9zm41, O2m42) = 0.
Thus for 0 <y < 1, we have

K(O2m+1 V2me2) = YEO2m O2ms1)- €))
Similarly, we can prove
K(2m+1, O2m3) = YEOz2mi1, O2ma2)- (10)
Thus, for all m = 1 and from (9) and (10),
K(ﬁmr 19m+1) = yK(ﬁm—liﬁm)- (11)
Repeating the process of (11), we get
KOy Ima1) = Y™K, 91). (12)

Now by using (7), (8), we obtain
K(O2m » Voma2) = K(F562m, F2Game1) = YHe, . comes (F1, Fy, F3, Fy),
where
Hch,ch+1(F1'F2'F3'F4) € {K(F562m FaSam+1) K (F1S2ms F362m), K(F2S2ma1, FaSoma1),
K (F1S2m FaSams1)}
= {K2m 92m+1), K(O2ms1, V2m), K(O2ma2r 2me1)s
K(O2m+1, V2ms1)}

= {kO2m» 92m+1), K(O2m+2) V2m41), 0}
The possible three cases are:
() If H, (F1, F2, F3, Fy) = K(92m, 92m+1), then

K(O2m » 92m+2) = YEO2m) 2ma1)
< y2mHlE(9,,9;) (by using (12)).

S2mS2m+1

(”) If H§2m,g‘2m+1 (Fl' FZ' F3' F4—) = K(ﬁ2m+2' l92m+1)7 then
K(O2m » O2m+2) = VE(O2me2, O2me1)
< y?m+2i(9,,9,) (by using (12))
= V2m+1K('90,191)-
(i) f He, o oo (F1 oy F3, Fy) = 0, implies k(92 92m+2) = 0.
For allm > 1, we get
K(D2m» Ozms2) X V2" K (Do, 91). (13)

By using rectangular inequality, we have
K(O2m+1 5 V2me3) = K(O2me1,92m) + KO2m, Vzms2) + K(O2me2 Y2mes)

LY (00,91) + VP K (00, 91) + VK (90, Y1)

< 3y (9y,9,) (v 0 <y < 1). (14)
Also from (13), we can write

K(O2m s Oamaz) X V2K (00,91) < 3y (Y, U1). (15)
Therefore from (14) and (15), we obtain
K(Om, Ima2) = 3y k(00,91), (16)
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forall m 2 1. For {9,,}, we consider x (I, Um4p) in tWo cases.
Case 1. If pis odd say 2n + 1, n € N U {0}, then by rectangular inequality
K(ﬁm'ﬁmﬂ)) =< K(ﬁm'ﬁm+1) + K(ﬁm+1: l9m+2) + K(ﬁm+2']9m+p)
=< K(ﬁm'ﬁm+1) + K(ﬁm+1: l9m+2) + K(ﬁm+2'19m+3) + K(ﬂm+3l 19m+4) + K(ﬂm+4' 19m+p)
=< K(ﬁm'ﬁm+1) + K(ﬁm+1'l9m+2) +e- +K(]9m+2n—11 19m+2n) + K(ﬂm+2n'19m+p)
< Y0, 91) + ¥E K (90,91) - YK (90, 91)  (by using (12))
< {nyyx(ao, 9} L 0.
Case 2. If p is even say 2n, n € N, then by rectangular inequality
K(ﬁm' 19m+p) =< K(ﬁm'ﬁm+2) + K(ﬁm+2']9m+3) + K(ﬁm+3:l9m+p)
= K(ﬁm' 19m+2) + K(0m+2'19m+3) + K(ﬁm+3v19m+4) + K(ﬂm+4: 19m+5) + K(ﬁm+5:19m+p)
= K(ﬁm'ﬁm+2) + K(ﬁm+2'l9m+3) +--- +K(19m+2n—11 19m+2n)
< 3y (9, 9y) + {y™F2 + ™3 4o pyMEI1 B (9,,9,) (by using (12) and (16))
m+2
< {[sym+ 717] k(0,9;) } L 0.
Hence {9,,} is Q-Cauchy in W, so then there exists a,, in Q such that a,, | 0 and

K(Om, Imap) = Ay a7
for all m and p. Let F;(W) be Q-complete, so 3 some s € F;(W) s.t.
x.Q
F3¢m =Ql92m —-S, (18)
K, .
then by using Lemma 1.12., we get 9,, — s i.e. 3 a sequence {b,,} € Q s.t. b,,, | 0 and
K(Om, S) = by (19)

Further since s € F;(W) there exists g € W s.t. F3g = s. Now
k(F19,92m) = kK(F19, F263m-1) = YHy o s (F1, F>, F3, F),
where
Hye,o o (F1, F3, F3, Fy) € {k(F39, FaSom-1), K(F19, F39), K(F2$am—1, FaSam—-1) » K(F1g, FaSam-1)}

= {K(s, 92m-1), K(F19, ), K(O2m, 9am—1), kK(F19, 9om—1)}
Now we have the following four possibilities:

(I)If Hg,g‘Zm_l (Fl' FZ' F3' F4—) = K(S, 7-92m—1)1 then
K(F19,92m) = vK(S,92m-1) = ¥bam—q (by using (19))
<yby L0 (~ bymey < by
(i) If Hy o, (Fy, Fy, F3, F,) = k(Fp g,5), then

k(F19,92m) 2 yr(F19,5)
< yle(Fi19,92m) + K(O2m Oom+1) + K(P2ms1, )] (by rectangular inequality)
(1 = y)k(F19,92m) = yaym + ¥Ybymys (DY using (17) and (19))
< {1 Zy (am + bm)} LO (= agy < ay, and bymay < byy).

(|||) If ngCZm—l (Fl' Fz, F3, F4_) = K(192m, 192771.—1)’ then
K(F19,92m) 2 YK(O2m, 92m-1) = Yazm-1 (bY Using(17))
< ya, | 0.
(iv) If Hy o, (Fy, F5, F5, Fy) = k(F1g,9,m-1), then by rectangular inequality, we have

k(F19,92m) = vk(F19,92m-1)
< y[k(F1g9,02m) + K(ﬁzm: Vome1) + K(O2me1, V2m-1)]
(1 =y)x(F19,92m) = v(azm + azm—q) (using (17))

Zy
k(F1g,02m) < {m am} 10 (¥ agm = azm—1 = ap).

Q .
We get 9,,, = F,g. Since by Lemma 1.13. and from (18), we deduce that F;g = s. Thus
Fig =Fg=s. (20)
Since s e (W) € F,(W),so 3 r € W s.t. F,r =s. Now, we shall show that F,r =s. Now by rectangular inequality,
we have
k(s, For) 2 K(S,92m) + K(O2m Yame1) + K(O2me1, For)

= K(S,92m) + agm + K(Fi16am, For) (by using (8) and(17))

= bym + Ay + YH,,, »(F1, Fo, F5, Fy) (by using (7) and (19))
= b+ ay +YH,, (F1, Fy, F3, Fy) (5 by = by @nd ap, < apy),

where
ngm,r(Fp Fy, F3, Fy) € {k(F3G2m, FaT), K(F1S2m, F362m), K(Fo1, Fu1), K(F1 G, Fam)}
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= {K(F562m, 8), K(F1S2m, F362m), K(F1, 8), K(F1G2m, 5)}
= {k(O2m, ), K(O2m41, V2m), K(F21, 8), K(92im 41, )}
There are four possibilities:
Case 1. If H., .(Fy,F;, F3,Fy) = k(92mm,5), then we have
K(s, For) < by, + ay + v, S)
=< b, + a,, + yby, (by using (19))
= (1 + y)bm +an ( bym = bm)-
Case 2. If H., .(Fy, F;, F3,Fy) = k(92mm41,92m), then we have
K(S' Fzr) = bm + am + VK(ﬁ2m+1ll92m)
=< b, + a,, +vba,,, (by using (17))
=bn + (1 + ]/) Ay (7 Ay = apy).
Case 3. If H, .(Fy, F,, F3,F,) = k(F,r,s), then we have
k(s, For) < by, + ap, + yr(F,r,s)
(1 —-y)x(s, For) X b, +a,
K(s, F,r) < i(bm + a,).
Case 4. If H., .(Fy,F;, F3,Fy) = k(921m41,5), then we have
K(s, F;r) < by + ay + Yk(O2m41,S)
< by + ap + Ybymeq (by using (19))
=@ + V)b + am (+ bamer = b).
Implies «(s, F,r) =0, i.e. F,r =s. Thus F,r = F,r =s. Consequently {F;,F;} and {F,, F,} have a common point of
coincidence from W. Since the pairs {F,, F;} and {F,, F,} are WC, it follows that
Fis = FiF3g = F3F g = F3s = my (say), (21)

and also
F,s = F,F,r = F,F,r = F,s = m, (say). (22)
Now
k(my,my) = k(F;s,F,s) < st,s(Flt Fy, F3, Fy),
where

H; s(Fy, Fy, F3, Fy) € {k(F35,F,S), k(Fy8, F35), kK(F,S, Fys), k(F; s, Fys)}
= {0,k(m,,m;)} (by using (21) and (22)).
Thus k(m,, m,) < yk(m,,m,), we get k(imn,, m,) = 0. Hence m; = m,. ~ F;s = F,s = F;s = F,s. Now we have to prove
that F,s = s. We have
K(s, F,8) = k(F,g,F,s) < yHg,s(F1:F2:F3'F4);
where
Hg,S(Fl' FZ' F3' F4—) € {K(F3g, F4S): K(Flg' F3g), K(FZSl F4_S), K(Flgl F4-S)}
= {K(s, F;s),k(s, s), k(F;s, F,s), k(s, F,s)} (by using (20),(21) and (22))
= {0, k(s, F;s)} (by using (21).
That is x(s, F,s) < yk(s, F,s), which implies that k(s, F,s) = 0. Hence s = F,s = E;s i.e.
Fis = F,s = F35s = F,s = s. Thus s is a c.f.p. of F, F,, F; & F,. Next we shall show the uniqueness of s. Assume some
other c.f.p. s* of F|,F,,F; & F, i.e F;s* = F,s* = F3s™ = F;,s* = s*. Then
K'(S,S* ) = K( E;s, Fps * ) = st,s*(F11F21F3IF4-)'
where
H; o+ (Fy, Fy, F3, Fy) € {k(F3s, Fys™), k(Fys, F35), k(Fys™, Fys™), k(Fys, Fys™)}
={0,k(s,s*)}.
Implies x(s,s*) =0 i.e. s = s*. Hence s is a c.f.p of F,, F,, F; & F, which is unique. The proofs for the cases in which
F,(W), F,(W) and F,(W) is complete are similar.

Corollary 2.2. Let (W,k,Q) be a vector valued r.m.s with Q-Archimedean. Suppose the F;,F,,F; & F, are self-
mappings on W with F,(W) < F,(W) and F,(W) < F;(W). Let the following condition hold:

k(Fi6, F29) 2 yr(Fs6, F,9)

k(F56, F;9) 2 yr(Fs6, F,9)
forall ¢, € W and y € [0,1). Let the pairs {F;, F;} and {F,, F,} are given to be WC and if one of F, (W), F,(W), Fs(W)
or F,(W) is Q-complete subspace of W then F,, F,, F; & F, have c.f.p which is unique.
Proof. It follows directly from Theorem 2.1.

Corollary 2.3. Let (W,k,Q) be a vector valued r.m.s with Q-Archimedean. Suppose that F;, F, and F; are self-
mappings on W, with F; (W) U F,(W) < F;(W). Let the following condition hold:

2493



International Journal of Membrane Science and Technology, 2023, Vol. 10, No. 4, pp 2488-2499

k(Fi, F29) < VHq,ﬁ(F1:F2:F3)
k(F36, F0) < qu,ﬁ(Flﬂ F,, F3)
forall ¢,9 € W and y € [0, 1), where
Hg,19 (Fy, Fy, F3) € {k(F36, F39), k(Fi6, F36), kK (Fy0, F39), k(Fi 6, F39)}.
Let the pairs {F;, F;} and {F,, F;} are given to be WC and if one of F; (W), F,(W) or F;(W) is Q-complete subspace of
W then F,, F, and F; have c.f.p which is unique.
Proof. Result follows by taking mapping F; = F, in Theorem 2.1.

Theorem 2.4. Let (W, k, Q) be a vector valued r.m.s with Q-Archimedean. Suppose the self-maps F,,F,, F; & F, on W
satisfy the following conditions:
(i) forall ¢,9 €e W,and y € [0,1)
k(Fig, F09) < YHcs (Fy, F3, Fs, F4)}
k(F36,F,0) < yHo(Fy, Fp, F3, Fy)
where Hgo(Fy, F,, F5, F,) € {% [k (F36, F,0) + k(Fig, F3C)]'§ [x(F36, F,9) + k(Fy9, Fy9)],
1 1
Py, Ey9) + (P, g9, 2 [KCE,9, Fyb), e, Fy9)]
(i) F(W) € F,(W) and F,(W) € F;(W).
(iii)y F;(W), F,(W), F;(W) or F,(W) is Q-complete subspace of W.
Then the pairs {F;, F;} and {F,, F,} have unique point of coincidence. Moreover, if the pairs
{F,,F;} and {F,, F,} are WC then F,, F,, F; & F, have c.f.p which is unique.

Proof. We define the sequences {¢,,} and {9,,} follows, as in the proof of the Theorem 2.1. Firstly, we show that
K(O2m+1 92ma2) = A(O2m, V2ms1), Where A € [0,1).
We have
K(Ozm+1, O2me2) = K(F1G2m, F2Game1) = Vngm,gzmH(FpF21F31F4);
where

He, o comes (F1 F2, F3, Fy) € {% [k (F562m) FaSame1) + K(F1Gam, Fssz)].% [k (F562m) FaSam+1)
+r(F26am+1s F4C2m+1)]é [ (F3$2m, FaSams1) + K(F1G2m, FaSam+1)],
% [k (F262m+1, FaSam+1), K(FiSam, F4§2m+1)]}
= (Ko D) + KB, B (KO B
+kam+2, 192m+1)]'% [K(O2m) V2m+1) + K(O2mi1, Dame1)],
S Barea, Bass) + KO, s}

1
= {k(O2m, 192m+1):§ [ O2m) V2ms1) + K(O2ma2, O2ms1)],

1 1

EK(ﬂZm' 7-92m+1)'EK('-92m+2'7-92m+1)}- (24)
The possible four cases are:
(|) If H (Fl' Fz, F3, F4_) = K(192m, 192m+1). Then we have

L K(O2m+1 V2mez) = YEO2m, O2me1)-
(i) I He,, comes (Fu F2, F3, Fy) = > [K(O2m, O2m+1) + K(D2me2, O2me1)]. Then

Y
K(O2ms1, O2maz) = 2 [KO2ms V2m+1) + K(O2ms2 O2m+1)]
14 Y
(1 - E) (F2ms1, O2ma2) = EK(ﬁZm'ﬁ2m+1)

|4
K(O2m+1, V2ma2) = 2

S2mS2m+1

K(O2m) 92m+1)

where - < 1.
2-y

(|||) If H (Fl’ Fz, F3,F4_) = 2K(]92m, l92m+1), then

S2mS2m+1

14
K(Ozme1, Vzmaz) = 2 k(2 Dama1)-
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: 1
(V) If He,o comer (Fuo oy F3, Fy) = EK(ﬁ2m+2'l92m+1) then

14
K(O2m+1) O2maz) X 3 K(O2m+2, O2m+1)s

implies k(9m+1,92m+2) = 0. Thus, we get

K(O2m+1, V2ms2) = AK(O2m, V2ms1) (25)
Yy v
where0 < 1€ {Y,E,E} <1.
Similarly, we can prove
K(O2mi2, O2me3) = AK(O2ms1, O2me2)- (26)
Thus, for all m = 1 and from (25) and (26),
K(ﬁmv 19m+1) = ﬂ-K(ﬁm—lrﬁm)- (27)

Then from (27), we obtain
K0 my Oms1) = ATk (9o, 91).
Since y = 4, we get
K(ﬁm'ﬁm+1) = ymk(ﬂO'ﬁl)- (28)
Now by using (8), (23), we obtain
K(O2m) Ooma2) = K(F362m, F262ma1) = YHe, . comes (Fy, F>, F3, F),
where

1
Hch,g2m+1(F1! Fy, F3, Fy) € { k(O2m, O2ma1), 2 [K(92m> D2me1) + K(O2maz, Oame1)],

1 1
2 K (O2m) 92m+1)) 2 k(G220 192m+1)}-

The possible four cases are:
(|) If Hszn§2m+1(F1' Fz, F3, F4_) = K(l?Zm, 192m+1). Then

K(O2m, O2m+2) = YEO2m) 2m+1)
< 21 (9,,9,) (by using (28)).

(W) 1 He,pcmes (Fro Foo Fa F2) = 2 [K(O2m, O2m 1) + K(Pzms2 Ozms1)]- Then
K(O2m Ooame2) = )E/[K(ﬁZm' Uym+1) + K(2me2, O2me1)]

S0P+ ) k96, 0,)]

[2y*™Kk(90,9,)] (™ = y*™ )

— 2m+1K(1.90, 191)_
1
(F, Fp, F3,F,) = 2 K (O2m, U2m+1), then

=
<Y
2
Y
(III) If HC2m1C2m+1
Y
K(O2m 9ame2) = 2 K (O2m, O2m+1)
= V2m+1K(l90' Yy).
. 1
(IV) If H§2m,§‘2m+1(F1' FZ' F3' F4—) = Ek(ﬁ2m+2' l92m+1), then

14
K(Ozm) Oama2) = 2 K(O2m+2) V2me1)

<y, 9) (< L<vy)
=< y2m+zk(l901191)
< y2m+1k(190,191) ( y2m+1 > y2m+2)_
We get
K(Ozm O2ma2) < ¥ (9o, 9,) (29)
Again by rectangular inequality, we have

K(U2ms1,92me3) = K02ms1, V2m) + K(O2ms 2me2) + K(O2me2 92ms3)
=< Vzmk(ﬁo:ﬁﬂ + Yzmﬂ’f(ﬁo' Y) + V2m+2K(790'791)

< 3y*™k(9y,9,) (+ 0<y<1). (30)
Also from (29), we can write
K(Ozm O2ma2) X V20, 91) < 3y°™K(y, 1) (31)
Therefore from (30) and (31), we obtain
KO Oma2) = 3y ™Kk(Dp, D1), (32)

for allm = 1. For {9,,}, we consider k(9,,,, 9rm+,) in two cases.
Case 1. If pis odd say 2n + 1, n € N U {0}, then by rectangular inequality
K(ﬁm'ﬁmw) = kO Ums1) T K(Oma1, Omez) + K(0m+2119m+p)
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= K(ﬁm' 19m+1) + K(0m+1'19m+2) + K(ﬁm+2v19m+3) + K(ﬁm+3:19m+4) + K(ﬁm+4! 19m+p)
=< K(ﬁm'ﬁm+1) + K(ﬁm+1'l9m+2) +e- +K(]9m+2n—11 19m+2n) + K(ﬂm+2n'19m+p)
< Y™k (90, 91) + yP K (g, 91) +- - AYP 2K (90, 9,)  (by using (28))
.ym
< {Ex(ﬁo, 9} L 0.
Case 2. If p is even say 2n, n € N, then by rectangular inequality
K(ﬁm:ﬁmﬂJ) = K(ﬁmrﬁm+2) + K(ﬁm+2v19m+3) + K(0m+3'19m+p)
=< K(ﬁm' 19m+2) + K(ﬁm+2']9m+3) + K(ﬁm+3il9m+4) + K(ﬁm+4'19m+5) + K(ﬂm+5'19m+p)
=< K(ﬁmrﬁm+2) + K(ﬁm+2'19m+3) +e +K(19m+2n—1!19m+2n)
< 3y™Kk (99, 91) + {y™F2 + y™*3 4. . pyME2n-1 Be(9,,9,) (by using (28) and (32))

m+2

< {[sym+ Vlj] k(o,9:) } L 0.
Hence {9,,} is Q-Cauchy in W, so then there exists a,, in Q such that a,, | 0 and

KOs Omsp) = A (33)
for all m and p. Let F;(W) be Q-complete, so 3 some s € F;(W) s.t.
K.Q
F36m = Uzm Q_> S, (34)
K,
then by using Lemma 1.12., we get 9,, — s i.e. 3 a sequence {b,,} € Q s.t. b,, | 0, and
K(O9m,S) =X by, (35)

Further since s € F;(W) there exists g € W s.t. F;g = s. Now
k(F19,92m) = K(F19, F362m-1) 2 YHg ¢, (F1, F2, F5, Fy),
where

1 1
Hge,o . (Fi,F, F3,F,) € {E [k (F39, FaSam-1) + k(F1 g, F39)]:E [ (F39, FaS2m—-1)

1
+1(F362m—1, F4C2m—1)]:§ [k(F39, FySom—1) + K(F19, FysSam—1)],
1
2 [ (F262m—1, FaS2m—1), k(F1 g, F4C2m—1)]}
1 1
= (515, Bamo) + KCFg, )] 5 K5, Bom )

1
+1(O2m, V2m-1)], 2 [k (s, 92m—1) + K(F19,92m-1)],

1

2 [ O2m1) + K(F1g, D)1}
Now we have the following four possibilities:
() 1 Hy gy (Fu Fa Fa, Fy) = 2 [K6(S, O3m—1) + K(F1g, 5)], then

KL, Oom) = 5[5, Do) + K(Frg,5)]
< 2 [bamo + KL, 0am) + KO, Bamsn) + K (Dm0, )]
2L ke (F1g, 92m) = L [bam-1 + Gzm + bamaa] (DY USING(33) and (35))
8. K(F1g,0om) = {5 [am + b} L0 (< o < @y aNd (bom-1, bomsr} < bm).
(i) 1f Hy gy (Fu, Foy 3y Fy) = 2[5, 03m—1) + KOy O3m—1)], then
K(FLg, Dm) < 2 [, Dmer) + KO Oam—r)]

<

S2m-1

[b2m—1+ Azm-1]

[b,, + am]} Lo.

~[k(5, 92m-1) + K(F1 g, O2m_1)], then
[k(s, 92m-1) + K(F19,92m-1)]

14
= 2 [b2m—1 + K(F19,92m) + K(O2m) O2ms1) + K(O2me1, V2m-1)]

N =py

IA
~—~
N=

(iii) If Hy, . (Fy,Fy, F3,F,)

k(F19,92m) <

$2m

<

2
2-y 14
> k(F1g,02m) < > [bam-1 + Qg + bam—1]
ie. k(FLg,Om) < {# (20 + b)) L 0.
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. 1
(iv) If H, (F1,F, F3,F) = > [k (O2m) V2m—1) + K(F19,921m—1)], then
Y
K(F19,02m) < > [k (O2m) V2m—1) + K(F19, 92m—1)]

= g[a2m—1 + k(F19,92m) + K(O2m, O2m+1) + K(O2me1, O2m-1)]

S2m—1

14 Y
2 k(F19,92m) = 2 [@2m-1 + Gom + Aom1]
. 3
i.e. k(F9,9m) < {ﬁ am} 1 0.

Q
So we can conclude that 9,,, = Fig. By Lemma 1.13. and from (34), we deduce that F;g = s. Thus

Fig =F;g9 =s. (36)
Sincese F(W) c F,(W),so3rew s.t.
Fyr =s. (37)

Now, we shall show that F,r = s. Now by rectangular inequality, we have
k(s, For) 2 K(S,92m) + Kam Y2m+1) + K241, For)
= k(s F362m) + azm + kK (Fi62m, For) (by using (8) and(33))
< bym + aym +vHc,, - (F1, F>, F3, F,) (by using (7) and (19))
< by + @y +YH,, - (F1, F, F3,Fy) (+ by =< by, @nd app, < ayp),
where

1 1
ngm,r(Fl’Fz’Fs’Fﬂ € {E (K (F362m, Far) + K(FiGom, F3C2m)]x§ (K (F362m, FuT)
1

+x(F,r, Fzﬂ')]rz (K (F362m, Far) + K (FiGom, FaT)],

1
2 [k (For, Fyr), kK (F1Sam, Fﬂ')]}
= {%[K(ﬁZm: s) + K(ﬁ2m+1:192m)]'% [K(O2m, 5) + K(F,1,5)],
2 [ ams ) + K(amss, ], 5 [K(Far, ) + K(zms1,5)]} (uSing (8) and (37)).
The possible four cases are:
(|) If HCZmIT(FI' Fz, F3, F4_) = %[K(ﬁZm, S) + K(ﬁ2m+1, 192171)]' Then we have
14
K(S, FZT) =< bm + Am + z [K(ﬁZmr S) + K(ﬁ2m+11192m)
< by + +g[b2m + dpm]
2+y

< == [an + byl.

(ii) If H,, - (Fy, Fy, F, Fy) = %[K(ﬁm, s) + k(F,r, s)]. Then we have
K(s, For) 2 by, +ap, +g[x(z92m, s) + k(F,r,s)]

yK(S, F,r) 2 b, +a, + gme
ie. K(s, F,r) = % [by + ay + %bm]
2 2+y
=5 y a,, + 2—v
(iii) If H,, (Fy, Fy, F3, Fy) = §[K(192m, $) + k(Oame1, 5)]. Then we have
k(s, F,r) 2 b, +a, + g [K(O2m, $) + K(2ms1, S)]

bom.

14
= bm + am + 5 [me + b2m+1]
< ay + b, (1 +y).
(iv) If He,, -(Fi, Fy, F5, Fy) = § [k(F,r,s) + kK(2m41,5)]- Then we have
k(s, F,r) X by, + a,, + g [K(Fyr,s) + K(O2me1,S)]
2_
Tyk(s, F,r) X by, +a, + %meH

ie. K(s, For) < Zf—y [ + 2 by
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2 + 2+y

T2y T2y
Implies «(s, F,r) =0, i.e. F,r =s. Thus F,r = F,r =s. Consequently {F;,F;} and {F,, F,} have a common point of
coincidence from W. Since the pairs {F,, F;} and {F,, F,} are WC, it follows that

bon.

Fis = FiF3g = F3F1g = F3s = m, (say), (38)
and also
F,s = F,F,r = F,F,r = F,s = m, (say). (39)
Now
k(my, my) = k(F;s,F,s) < VHs,s(Flv Fy,F3, Fy),
where

H, .(Fy, Fy, Fs Fy) € {% [k (Fys, Fys) + k(Fis, ng)],% [k (Fss, Fys)
+(Fys, F4s)],% [(Fss, Fys) + k(Fys, Fys)], % [K(Fys, F,y), K (Fys, F4s)]}
- {% [k (Fys, Fys) + K(ml,mz)],% [k (Fys, Fys) K(ml,mz)],% [k (F3s, Fys)
+x(Fy5, Fys)], 3 [1c(my, my), k(Fs, F4s)]} (using (38) and (39))
= {% k(Fy5,Fys), k(Fis, F>5)).

If Hy (Fy, F,, F3, F,) is equal to% k(F,s, F,s) or k(F;s, F,s), in both the cases we conclude that k(m;,m,) =0 i.e.

m; = m,. Thus F;s = F,s = F35 = F,s. Next, we shall show that F,s = s. We have
k(s, F;8) = k(F,g,F,s) = VHg,s(F1:F2;F3;F4),
where

1 1
Hy o (Fy, F, F3,F,) € {E [k(F39, Fss) + k(F g, F39)), > [k(F39, Fss)
1 1
+K(F;s, F45)]:E [k (F59,Fys) + k(F1 9, F,s)], 7 [<(F3s, Fys),k(Fy g, F45)]}

_ {%K(s, Fys), 1(s, Fys)}.

If Hy <(Fy, Fy, F3, F,) is equal to %K(s, F,s) or k(s, F,s), Then clearly we have k(s, F,s) = 0.Hence s = F,s = F;s i.e.

Fis = F,s = F35s = F;,s = s. Thus sis a c.f.p. of F,, F,, F; & F,. Next we shall show the uniqueness of s. Assume
some other c.f.p s* of F,,F,, F; & F,. So we write F,;s* = F,s* = F3s* = F,s" = s*. Then

k(s,s") = k(F;s,F,s") < yH s+ (Fy, F,, F3, F,).
where

1 1
HS,S*(F11F21F3'F4) € {E [K'(F3g, F4S*) + K(Flgl F3g)]’§ [K(F3g, F4-S*)
1
(P Fys ) 5 (g, Fys™) + (g, Fys ),
1
5 k(s Fus), k(Fyg, Fos ™}

1
= {O,Ek(s,s* ), k(s,s* )}.
If Hy o« (Fy, F,, F3, F,) is equal to %K(S,S*) or k(s,s* ), Then clearly we have x(s,s*) =10 i.e.s =s*.Hencesisac.fp
of F,, F,, F; & F, which is unique. The proofs for the cases in which F, (W), F,(W) and E,(W) is complete are similar.

Corollary 2.5. Let (W,k,Q) be a vector valued r.m.s with Q-Archimedean. Suppose that F,,F, and F; are self-
mappings on W, with F; (W) U F,(W) < F;(W). Let the following condition hold:

k(Fi6, F,9) < yH.9(Fy, Fy, F3)

k(F36, F,0) < yH 9 (Fy, Fy, F3)
forall ¢,y € W and y € [0, 1), where

1 1

Hg,ﬂ(Fp F,,F3) € {5 [ (F36, F39) + k(Fig, F3§')],E [ (Fs6, F39) + k(F,9, F39)],
1 1
5 [k (F56, F39) + k(Fig, F379)]'§ [k (F29, F39), k(Fig, F379)]}-
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Let the pairs {F;, F;} and {F,, F;} are given to be WC and if one of F, (W), F,(W) or F;(W) is Q-complete subspace of
W then F,, F, and F; have c.f.p which is unique.
Proof. Result follows by taking mapping F; = F, in Theorem 2.4.
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